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PerÐlhyh

Sth diplwmatikă aută mac endiafèrei o upologismìc tou Apollÿniou diagrĹmmatoc enìc

sunìlou elleÐyewn oi opoÐec den tèmnontai metaxÔ touc, oÔte perièqetai mÐa mèsa se kĹpoia

Ĺllh. Prìkeitai gia mÐa genÐkeush tou diagrĹmmatoc Voronoi. To epÐpedo qwrÐzetai se

perioqèc ta shmeÐa twn opoÐwn brÐskontai plhsièstera se mÐa èlleiyh. O upologismìc

tou diagrĹmmatoc gÐnetai qrhsimopoiÿntac ènan auxhtikì algìrijmo, o opoÐoc ìmwc gia th

leitourgÐa tou qreiĹzetai ta exăc kathgorămata: (κ0) ton upologismì enìc rhtoÔ shmeÐou

eswterikì thc èlleiyhc; (κ1) ton prosdiorismì thc èlleiyhc pou brÐsketai pio kontĹ se èna

dedomèno shmeÐo apì opoiadăpote Ĺllh; (κ2) dojèntwn triÿn elleÐyewn, ton prosdiorismì

thc sqetikăc jèshc thc trÐthc wc proc mia prokajorismènh exwterikă koină efaptomènh twn

dÔo prÿtwn; (κ3) dojèntwn tessĹrwn elleÐyewn, ton prosdiorismì thc sqetikăc jèshc thc

tètarthc wc proc ton exwterikì Apollÿnio kÔklo twn triÿn prÿtwn. Gia na oloklhrwjeÐ o

auxhtikìc algìrijmoc eÐnai aparaÐthtoc kai o upologismìc thc {perioqăc sÔgkroushc} miac

nèac èlleiyhc pou prostÐjetai sto trèqon diĹgramma.

Mac endiafèrei o upologismìc twn parapĹnw kathgorhmĹtwn apotelesmatikĹ kai me plă-

rh akrÐbeia. MÐa plărhc lÔsh gia to (κ0) prokÔptei Ĺmesa. ProteÐnoume mÐa apotelesmatikă

anaparĹstash thc apìstashc shmeÐou apì èlleiyh jewrÿntac ènan parametrikì kÔklo pou

efĹptetai sthn èlleiyh. H apìstash ekfrĹzetai apì thn Ôparxh pollaplăc rÐzac tou qa-

rakthristikoÔ poluwnÔmou twn dÔo sqhmĹtwn. O mhdenismìc thc diakrÐnousac dÐnei ènan

bèltisto algìrijmo kai mÐa apotelesmatikă ulopoÐhsh (qrhsimopoiÿntac th bibliojăkh SY-

NAPS) gia to (κ1). Mia parìmoia prosèggish me diakrÐnousec qrhsimopoieÐtai kai gia to

(κ2) to opoÐo emfanÐzetai kai se problămata oratìthtac. O trìpoc pou antimetwpÐzoume

tic eidikèc periptÿseic ìpou upĹrqoun kĹjetec efaptomènec, odhgeÐ ston apotelesmatikì

prosdiorismì ìlwn twn efaptomènwn. ’Oson aforĹ to (κ3), meletĹme thn poluplokìthtĹ

tou me th jewrÐa thc araiăc (ă torikăc) apaloifăc kai dÐnoume to plăjoc twn migadikÿn kÔ-

klwn pou efĹptontai apì koinoÔ. Tèloc, gia to teleutaÐo kathgìrhma parèqoume orismènec

hmialgebrikèc sunjăkec kai gewmetrikoÔc periorismoÔc pou mporoÔn na odhgăsoun se mia

apotelesmatikă ulopoÐhsh pragmatikoÔ qrìnou.
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KefĹlaio 0

Kathgorămata gia ton upologismì

tou Apollÿniou diagrĹmmatoc

elleÐyewn

0.1 Eisagwgă

Ta diagrĹmmata Voronoi eÐnai gewmetrikèc kataskeuèc pou parousiĹzoun idiaÐtero endia-

fèron. BrÐskoun efarmogèc sto sqediasmì kÐnhshc rompìt, thn anÐqneush sugkroÔsewn

kajÿc kai thn anagnÿrhsh protÔpwn. ’Estw èna sÔnolo shmeiakÿn estiÿn pi sto epÐpedo.

Wc perioqă (ă kelÐ) Voronoi mÐac estÐac orÐzoume ta shmeÐa tou epipèdou pou brÐskontai

kontinìtera sthn estÐa aută parĹ se opoiadăpote Ĺllh. To sÔnoro twn perioqÿn Voronoi

twn estiÿn apoteleÐ to diĹgramma Voronoi twn estiÿn (bl. sqăma 1).

An kai ta diagrĹmmata Voronoi èqoun melethjeÐ ektenÿc [7], h pleioyhfÐa twn ergasiÿn

Sqăma 1: DiĹgramma Voronoi shmeÐwn
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Sqăma 2: Apollÿnio diĹgramma triÿn elleÐyewn

aforoÔn estÐec-shmeÐa eÐte grammikèc estÐec, ìpwc eujÔgramma tmămata [22] kai polÔgwna

[32]. Prìsfata èginan kĹpoiec prospĹjeiec na epektajoÔn ta diagrĹmmata Voronoi sthn

perÐptwsh pou oi estÐec eÐnai kampÔlec (p.q. [1, 3, 6]) eÐte èqoun mh kenì eswterikì [10, 13, 9].

Wc prìdromoc thc ergasÐac autăc mporeÐ na jewrhjeÐ to diĹgramma Voronoi kÔklwn p.q.

[4, 24, 27]. ’Otan oi estÐec eÐnai kleistĹ sqămata, to diĹgramma Voronoi onomĹzetai kai

Apollÿnio1 diĹgramma.

O skopìc mac eÐnai na upologÐsoume to Apollÿnio diĹgramma elleÐyewn (bl. sqăma 2)

apotelesmatikĹ kai me plărh akrÐbeia. Me ton ìro {plărh akrÐbeia} ennooÔme ìti o algì-

rijmoc ja apofasÐzei pĹnta swstĹ qwrÐc perijÿrio sfĹlmatoc. Summetrikèc periptÿseic

sthn eÐsodo dÐnoun summetrikĹ apotelèsmata, kĹti pou de sumbaÐnei pĹnta me tic arijmhtikèc

proseggÐseic. Oi algìrijmoi plărouc akrÐbeiac exartÿntai mìno apì to mègejoc thc eisìdou

(se bit) kai eÐnai pio argoÐ apì touc arijmhtikoÔc.

EstiĹzoume to endiafèron mac sthn perÐptwsh pou oi elleÐyeic den tèmnontai metaxÔ

touc. H prosèggisă mac basÐzetai sto genikì plaÐsio twn afhrhmènwn diagrammĹtwn Vo-

ronoi, p.q. [28]. Pio sugkekrimèna akoloujoÔme thn prosèggish tou [25], ìpou proteÐnetai

ènac dunamikìc algìrijmoc gia thn kataskeuă tou diagrĹmmatoc Voronoi kurtÿn antikeimè-

nwn twn opoÐwn oi perifèreiec tèmnontai (anĹ dÔo) se dÔo shmeÐa to polÔ . ’Ena sÔnolo

mh temnìmenwn elleÐyewn mporeÐ na entaqjeÐ se autì to plaÐsio. H prosèggish apoteleÐtai

apì dÔo fĹseic. Prÿta entopÐzoume èna kelÐ Voronoi pou metabĹlletai lìgw thc èlleiyhc

pou eisĹgetai. ’Epeita brÐskoume ki enhmerÿnoume ìla ta keliĹ autăc thc kathgorÐac. O

algìrijmoc sthrÐzetai sta parakĹtw kathgorămata:

(κ0) dojeÐsac miac èlleiyhc, na brejeÐ eswterikì shmeÐo autăc

1Για την προέlευση του ονόµατοc βl. παρακάτω.
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(κ1) dojèntwn dÔo elleÐyewn ki enìc shmeÐou exwterikì kai twn dÔo, na prosdioristeÐ poia

èlleiyh brÐsketai plhsièstera sto shmeÐo upì thn EukleÐdia metrikă

(κ2) dojèntwn triÿn elleÐyewn, na prosdioristeÐ h sqetikă jèsh thc trÐthc wc proc thn

koină exwterikă efaptomènh twn dÔo prÿtwn

(κ3) dojèntwn tessĹrwn elleÐyewn, na apofasisteÐ h sqetikă jèsh thc tètarthc wc proc

ton exwterikì Apollÿnio kÔklo twn triÿn prÿtwn.

To (κ0) qrhsimopoieÐtai se sunduasmì me ìla ta upìloipa kathgorămata kai eÐnai aplì

sthn ulopoÐhsh. To kathgìrhma (κ1) arkeÐ gia thn prÿth fĹsh tou algorÐjmou, ìpou arkeÐ

na broÔme thn èlleiyh tou diagrĹmmatoc pou brÐsketai plhsièstera se opoiodăpote shmeÐo

thc nèac èlleiyhc; to shmeÐo autì parèqetai apì to (κ0). Ta kathgorămata (κ2) kai (κ3)

qrhsimopoioÔntai sth deÔterh fĹsh. H enhmèrwsh twn keliÿn pou metabĹllontai mporeÐ na

apaităsei kataskeuèc tic opoÐec den pragmateuìmaste sthn ergasÐa aută.

Gia to kathgìrhma (κ1) jewroÔme ènan kÔklo me kèntro to shmeÐo kai Ĺgnwsth aktÐna

h opoÐa antistoiqeÐ sthn apìstash pou jèloume na sugkrÐnoume. H Ôparxh shmeÐou epafăc

anĹmesa ston kÔklo kai thn èlleiyh isodunameÐ me to mhdenismì thc diakrÐnousac tou qa-

rakthristikoÔ poluwnÔmou twn dÔo sqhmĹtwn. To qarakthristikì poluÿnumo isoÔtai me

thn orÐzousa thc dèsmhc pou orÐzoun o kÔkloc kai h èlleiyh. H suneisforĹ mac gia ton

upologismì autoÔ tou kathgorămatoc eÐnai mia mèjodoc h opoÐa qrhsimopoieÐ algebrikoÔc

arijmoÔc bajmoÔ 4, to opoÐo eÐnai bèltisto. AxÐzei na shmeiÿsoume ìti apofeÔgoume na

ekfrĹsoume tic suntetagmènec tou shmeÐou epafăc.

Gia to kathgìrhma (κ2) jewroÔme to sÔsthma eujeÐac kai èlleiyhc tou opoÐou o mhdeni-

smìc thc diakrÐnousac dÐnei pĹli mia apotelesmatikă sunjăkh gia to pìte mia eujeÐa efĹptetai

se mia èlleiyh. ’Olec oi efaptomènec qarakthrÐzontai apì èna sÔsthma diakrinousÿn. Oi

eidikèc periptÿseic Ôparxhc koinăc katakìrufhc efaptomènhc exetĹzontai xeqwristĹ. H

melèth touc dÐnei parĹllla ki ènan apotelesmatikì trìpo gia ton qarakthrismì ìlwn twn

koinÿn efaptomènwn wc eswterikÿn ă exwterikÿn. Kai ta dÔo parapĹnw kathgorămata

èqoun ulopoihjeÐ se C++ me plărh akrÐbeia qrhsimopoiÿntac th bibliojăkh synaps.

Ac epikentrwjoÔme tÿra sto kathgìrhma (κ3). Sthn perÐptwsh triÿn dÐskwn, to plă-

joc twn kÔklwn pou efĹptontai kai stouc treic eÐnai 8 kai to antÐstoiqo kathgìrhma èqei

algebrikì bajmì 2 [15]. To prìblhma autì eÐnai gnwstì wc {To dèkato prìblhma tou Apol-

lÿniou}, diìti prÿta meletăjhke apì ton >Apollÿnio âk Pèrghc th̃c PamfulÐac, perÐpou to

250 p.Q. Parìti to prìblhma eÐnai gnwstì apì thn arqaiìthta, h genÐkeush gia elleÐyeic

den èqei lujeÐ akìmh apotelesmatikĹ.

OÔte kan to plăjoc twn kÔklwn pou efĹptontai tautìqrona se treic elleÐyeic den eÐ-

nai gnwstì. To prìblhma perilambĹnei exisÿseic uyhloÔ bajmoÔ kai h eÔresh akriboÔc

lÔshc den eÐnai profanăc ([3]). Sto [31] gÐnetai mia prospĹjeia na antimetwpisjeÐ to prì-

blhma autì, wstìso o akribăc upologismìc me thn proteinìmenh mèjodo den oloklhrÿnetai
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kai o suggrafèac arkeÐtai se arijmhtikèc mejìdouc. Den anafèrontai frĹgmata gia thn

poluplokìthta oÔte gia to plăjoc twn kÔklwn.

Efarmìzoume th mèjodo apì to kathgìrhma (κ1) mazÐ me prìsfata apotelèsmata apì

tic araièc (ă tic torikèc) apaloÐfousec gia na probĹloume ìlec tic koinèc rÐzec stic rÐzec

enìc poluwnÔmou miac metablhtăc. Autì odhgeÐ sto prÿto endiafèron Ĺnw frĹgma gia to

plăjoc twn efaptìmenwn kÔklwn. O meiktìc ìgkoc dÐnei epÐshc to Ðdio frĹgma ìpwc kai

ènac sullogismìc pragmatikăc algebrikăc gwmetrÐac.

H prìtasă mac eÐnai ìti o gewmetrikìc logismìc kai ta hmialgebrikĹ ergaleÐa ja prèpei

na enisqÔsoun tic amigÿc algebrikèc mejìdouc gia mia apotelesmatikă ulopoÐhsh plărouc

akrÐbeiac. Se aută thn kateÔjunsh dÐnoume nèec sunjăkec basizìmenoi sto kanìna tou

Descartes, kai analÔoume th gewmetrikă sumasÐa touc. Epiprìsjeta, dÐnoume merikoÔc gew-

metrikoÔc periorismoÔc gia to kèntro kai thn aktÐna tou Apollÿniou kÔklou. Stìqoc mac

eÐnai na diakrÐnoume periptÿseic twn opoÐwn h algebrikă poluplokìthta eÐnai mikrìterh tou

genikoÔ problămatoc, anamènontac autì mazÐ me teqnikèc upodiaÐreshc na odhgăsei se mÐa

ulopoÐhsh pragmatikoÔ qrìnou. Proc to parìn lÔnoume to antÐstoiqo algebrikì sÔsthma

arijmhtikĹ qrhsimopoiÿntac to PHCpack [34].

H diatribă organÿnetai wc exăc. Prÿta eisĹgoume merikèc idiìthtec thc èlleiyhc kai

upologÐzoume to (κ0). Sth sunèqeia parousiĹzoume mia apotelesmatikă anaparĹstash thc

apìstashc shmeÐou apì èlleiyh gia na lÔsoume to (κ1). ’Epeita, exetĹzoume to (κ2) kai tèloc

meletĹme ton kÔklo tou Apollÿniou. KleÐnoume parajètontac touc sqetikoÔc qrìnouc apì

thn ulopoÐhsh twn (κ1) kai (κ2) kajÿc kai thn arijmhtikă epÐlush tou (κ3). To kefĹlaio

autì apoteleÐ mia ellhnikă perÐlhyh twn pio basikÿn apotelesmĹtwn thc diatribăc, me tic

epìmenec enìthtec na antistoiqoÔn sta kefĹlaia pou akoloujoÔn sta agglikĹ. MerikĹ apì

ta apotelèsmata autĹ èqoun dhmosieuteÐ sto [17].

0.1.1 H gewmetrÐa thc èlleiyhc

’Elleiyh kaleÐtai o gewmetrikìc tìpoc twn shmeÐwn tou epipèdou, twn opoÐwn to Ĺjroisma

twn apostĹsewn apì dÔo stajerĹ shmeÐa eÐnai stajerì kai Ðso me 2α. Ta dÔo stajerĹ

shmeÐa kaloÔntai estÐec thc èlleiyhc kai brÐskontai se apìstash 2γ. To măkoc tou megĹlou

kai mikroÔ Ĺxona eÐnai 2α kai 2β antÐstoiqa, me β2 = α2 − γ2. ’Estw (xc, yc) to kèntro

thc èlleiyhc kai u h gwnÐa metaxÔ tou Ĺxona x kai tou megĹlou Ĺxona thc èlleiyhc. An

xc = yc = u = 0, lème ìti h èlleiyh brÐsketai se orjogÿnia jèsh, diaforetikĹ lème ìti

brÐsketai se genikă jèsh. H èlleiyh eÐnai mia kwnikă tomă me exÐswsh:

E(x, y) := ax2 + 2bxy + cy2 + 2dx + 2ey + f (1)

Oi parĹmetroi thc èlleiyhc (a, b, c, d, e, f) sundèontai me to kèntro, touc Ĺxonec kai thn

estiakă apìstash. Gia tic sqetikèc exisÿseic parapèmpoume sthn enìthta 1.1. H exÐswsh
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thc èlleiyhc mporeÐ na grafeÐ kai me thn parakĹtw parametrikă morfă:

x(z) =
−α(1 − w2)z2 − 4βwz + α(1 − w2)

(1 + w2)(1 + z2)
+ xc

y(z) =
2(−αwz2 + β(1 − w2)z + αw)

(1 + w2)(1 + z2)
+ yc

ìpou to w ∈ (−∞,∞) antistoiqeÐ sthn gwnÐa strofăc twn axìnwn2, (xc, yc) eÐnai oi sun-

tetagmènec tou kèntrou kai z ∈ (−∞,∞). Oi parakĹtw posìthtec apoteloÔn analloÐwtec

upì peristrofă kai metatìpish:

J1 = a + c = α2 + β2, J2 =

∣

∣

∣

∣

a b

b c

∣

∣

∣

∣

= α2β2

J3 =

∣

∣

∣

∣

∣

∣

a b d

b c e

d e f

∣

∣

∣

∣

∣

∣

= −J2
2

H parakĹtw posìthta apoteleÐ analloÐwth upì peristrofă. H èkfrash qrhsimopoieÐ to

lămma pou akoloujeÐ.

J4 = (a + c)f − d2 − e2 = J2(x
2
c + y2

c − J1)

’Estw Ly, Lx oi eujeÐec pou enÿnoun to aristerìtero me to dexiìtero shmeÐo thc èlleiyhc,

kai to yhlìtero me to qamhlìtero antÐstoiqa.

Lămma 0.1.1 ’Estw mÐa èlleiyh thc morfăc (1). To kèntro thc eÐnai rhtă sunĹrthsh

twn paramètrwn thc kai sumpÐptei me to shmeÐo tomăc twn Lx, Ly, me

xc =
be − dc

J2

, yc =
bd − ae

J2

H apìdeixh dÐnetai sthn enìthta 1.1.

Dojèntoc enìc shmeÐou V exwterikì miac èlleiyhc, pìsec kajètouc3 mporoÔme na fè-

roume sthn èlleiyh? To sÔnoro twn perioqÿn ìpou to plăjoc twn kajètwn pou mporoÔme

na fèroume allĹzei, eÐnai h exeiligmènh thc èleiyhc h opoÐa eÐnai èna astroeidèc (bl. sqăma

3). Gia mia èlleiyh se orjogÿnia jèsh, kĹje shmeÐo (x, y) thc exeiligmènhc ikanopoieÐ thn

exÐswsh:

(αx)
2

3 + (βy)
2

3 = γ
4

3

2w = tan(u

2
), όπου u η γωνία στροφήc των αξόνων τηc έllειψηc.

3Κάθετοc σε καµπύlη είναι η κάθετοc στην εφαπτοµένη τηc καµπύlηc στο σηµείο επαφήc.
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V

Sqăma 3: AristerĹ: ’Ena shmeÐo apì to opoÐo fèroume 4 kajètouc. DexiĹ: H exeiligmènh

thc èlleiyhc.

Prìtash 0.1.2 UpĹrqoun 4, 3, ă 2 kĹjetoi apì èna shmeÐo se mia èlleiyh, anĹloga me

to an to shmeÐo brÐsketai mèsa sthn exeiligmènh, pĹnw sthn exeiligmènh allĹ ìqi se Ĺkro,

ă antÐstoiqa to shmeÐo eÐnai Ĺkro ă brÐsketai ektìc thc exeiligmènhc.

To parapĹnw lămma dÐnei èna kĹtw frĹgma gia thn algebrikă poluplokìthta tou upolo-

gismoÔ thc apìstashc shmeÐou apì èlleiyh, afoÔ opoiadăpote sunjăkh pĹnw sthn Ĺgnwsth

apìstash ja èqei bajmì ≥ 4.

0.2 Apìstash shmeÐou apì èlleiyh

’Estw mia èlleiyh E ki èna shmeÐo V = (v1, v2) exwterikì thc E. ’Estw C kÔkloc me kèntro

V kai aktÐna
√

s, gia s jetikì. EkfrĹzoume thn eukleÐdia apìstash δ(V,E) tou V apì thn

E me th mikrìterh jetikă timă tou
√

s gia thn opoÐa o C efĹptetai sthn E. Gia th sÔgkrish

apostĹsewn, arkeÐ na jewroÔme to tetrĹgwno thc apìstashc s.

O stìqoc mac eÐnai na apofÔgoume na upologÐsoume ta shmeÐa epafăc apaitÿntac to

sÔsthma E = C = 0 na èqei pollaplă rÐza. Katalăgoume se èna aplì poluÿnumo efarmì-

zontac th jewrÐa twn qarakthristikÿn poluwnÔmwn kai twn dèsmewn [30, 36]. Ac sumbolÐ-

soume thn kwnikă tomă wc [x, y, 1]M [x, y, 1]T gia ènan katĹllhlo pÐnaka M . Tìte oi E,C

antistoiqoÔn sta

A =





a b d

b c e

d e f



 , B =





1 0 −v1

0 1 −v2

−v1 −v2 v2
1 + v2

2 − s





11



H dèsmh thc E kai tou C eÐnai λA + B kai to qarakthristikì touc poluÿnumo eÐnai

φ(λ) = |λA + B| = J2
2λ3 + c2λ

2 + c1λ + s

ìpou

c2(s) = J2s − T (v1, v2)

c1(s) = J1s − E(v1, v2)

T (v1, v2) = J2[(v1 − xc)
2 + (v2 − yc)

2 − J1]

H diakrÐnousa ∆(s) tou φ(λ) eÐnai 4ou bajmoÔ:

∆(s) = J2
2 (J2

1 − 4J2) s4 +

2J2(9J1J
2
2 − J2

1T + 6J2T − 2J3
1J2 − J1J2E) s3 +

(−18J3
2E + 4J1J2ET − 27J4

2 + J2
1T 2 − 18J1J

2
2T + J2

2E2 + 12J2
1J2

2E − 12J2T
2) s2 +

2(2T 3 − J1ET 2 − 6J1J
2
2E2 + 9J2

2ET − J2E
2T ) s +

E2(T 2 + 4J2
2E)

H sqetikă jèsh tou kÔklou kai thc èlleiyhc entĹssetai anĹmesa se 9 periptÿseic (kef. 2),

oi opoÐec sqetÐzontai me to prìshmo kai thn pollaplìthta twn pragmatikÿn rizÿn tou φ(λ)

[36, jeÿr.8]. ’Otan to φ(λ) èqei toulĹqiston mÐa pollaplă rÐza, h èlleiyh kai kÔkloc èqoun

toulĹqiston èna shmeÐo epafăc. Shmeiÿste ìti to φ(λ) èqei toulĹqiston mÐa arnhtikă rÐza,

afoÔ to ginìmeno twn rizÿn tou isoÔtai me −s < 0.

Epilègontac th mikrìterh jetikă rÐza tou ∆(s), eÐmaste bèbaioi ìti to φ(λ) ja èqei

toulĹqiston mÐa rÐza me pollaplìthta megalÔterh tou 1, afoÔ ∆ eÐnai h diakrÐnousa tou φ.

’Estw ìti o kÔkloc me kèntro to V {fouskÿnei} mèqri na {akoumpăsei} thn E. AfoÔ to V

eÐnai exwterikì thc E, h mikrìterh jetikă rÐza tou ∆(s) antistoiqeÐ sthn apìstash δ(V,E).

Prìtash 0.2.1 Dojèntwn miac èlleiyhc E kai enìc shmeÐou V exwterikì autăc, h δ(V,E)

antistoiqeÐ sthn tetragwnikă rÐza thc mikrìterhc jetikăc rÐzac tou ∆(s), to opoÐo eÐnai

poluÿnumo miac metablhtăc 4ou bajmoÔ. O bajmìc twn suntelestÿn tou ∆(s) eÐnai 6, 8,

10, 12 kai 14 wc proc to auxanìmenou ekjèth s, ta v1, v2 kai tic paramètrouc thc E. Sthn

perÐptwsh pou to (v1, v2) eÐnai kèntro miac trÐthc èlleiyhc E ′, o bajmìc twn suntelestÿn

tou ∆(s) eÐnai akribÿc 22 wc proc tic paramètrouc twn E,E ′.

Pìrisma 0.2.2 Dojèntwn dÔo elleÐyewn E1, E2 ki enìc shmeÐou V exwterikì kai twn

dÔo, mporoÔme na apofasÐsoume poia èlleiyh brÐsketai plhsièstera sto V sugkrÐnontac

dÔo algebrikoÔc arijmoÔc bajmoÔ 4. O bajmìc autìc eÐnai bèltistoc, sÔmfwna me ìsa

anafèrjhkan sthn prohgoÔmenh enìthta.
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0.2.1 Sqetikă jèsh èlleiyhc wc proc koină efaptomènh el-

leÐyewn

Dojèntwn dÔo elleÐyewn kai miac exwterikăc koinăc efaptomènhc touc, to kathgìrhma (κ2)

apofasÐzei apo poia pleurĹ thc efaptomènhc brÐsketai mia trÐth èlleiyh (sqăma 2.5). Se

perÐptwsh pou h trÐth èlleiyh tèmnei thn efaptomènh, upologÐzei kai to plăjoc twn shmeÐwn

tomăc. ’Opwc kai parapĹnw, meletĹme elleÐyeic pou den tèmnontai. Gia ton upologismì

tou kathgorămatoc upologÐzoume kai qarakthrÐzoume wc eswterikèc ă exwterikèc ìlec tic

koinèc efaptomènec twn dÔo elleÐyewn. Sth sunèqeia epilègoume thn efaptomènh pou mac

endiafèrei kai tèloc brÐskoume th sqetikă jèsh thc trÐthc èlleiyhc wc proc aută.

’Estw mÐa mh katakìrufh eujeÐa L : y = ux + v kai mÐa èlleiyh E. Antikajistÿntac

to y sthn E paÐrnoume èna tetragwnikì poluÿnumo wc proc x to opoÐo eÐnai h apaloÐfousa

wc proc y twn E,L. Gia na efĹptetai h L sthn E, h diakrÐnousa Λ thc apaloÐfousac ja

prèpei na mhdenÐzetai:

Λ(u, v) = (e2 − cf)u2 + 2(cd − be)uv + (b2 − ac)v2 + 2(de − bf)u + 2(bd − ae)v − af + d2

Gia thn koină efaptomènh isqÔei Λ1 = Λ2 = 0, ìpou to Λi antistoiqeÐ sthn i-ostă èlleiyh.

To sÔsthma èqei to polÔ 4 pragmatikèc rÐzec pou antistoiqoÔn stic 4 koinèc efaptomènec

dÔo elleÐyewn.

Lămma 0.2.3 ’Estw u1, u2, u3, u4 oi suntelestèc dieÔjunshc twn tessĹrwn koinÿn efa-

ptomènwn se aÔxousa seirĹ, ìpou ui ∈ R ∪ {∞}. ’Estw µ mia eswterikă efaptomènh kai ε

mia exwterikă. Tìte ta (u1, u2, u3, u4) antistoiqoÔn se mia kuklikă metĹjesh twn (µεεµ).

OnomĹzoume aută th metĹjesh diĹtaxh-P.

H apìdeixh dÐnetai sthn enìthta 2.3.

Pìrisma 0.2.4 Gia na prosdiorÐsoume th diĹtaxh-P twn koinÿn efaptomènwn dÔo elleÐ-

yewn, arkeÐ na prosdiorÐsoume ton tÔpo akribÿc dÔo efaptomènwn.

H prohgoÔmenh anĹlush de lambĹnei upìyin tic katakìrufec efaptomènec oi opoÐec

antistoiqoÔn se rÐzec sto Ĺpeiro tou sustămatoc Λ1 = Λ2 = 0. Se perÐptwsh ka-

takìrufh efaptomènhc, o bajmìc thc apaloÐfousac gÐnetai mikrìteroc tou 4. Mia tè-

toia efaptomènh èqei exÐswsh x = v. An antikatastÐsoume thn timă tou x sthn exÐ-

swsh thc èlleiyhc, paÐrnoume èna triÿnumo wc proc y h diakrÐnousa tou opoÐou eÐnai

K(v) = (b2 − ac)v2 + 2(eb − dc)v + e2 − fc. ’Etsi, dÔo elleÐyeic èqoun koină katakì-

rufh efaptomènh an kai mìno an K1(v) kai K2(v) èqoun koină rÐza.

Lămma 0.2.5 H diĹtaxh twn rizÿn tou K1(v) kai tou K2(v), mazÐ me thn tetagmènh twn

shmeÐwn epafăc twn katakìrufwn efaptomènwn, dÐnei th diĹtaxh-P ìlwn twn efaptomènwn,

katakìrufwn kai mh.
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Gia thn apìdeixh bl. enìthta 2.3.

DojeÐsac miac exwterikăc efaptomènhc L̄ : y = ūx + v̄, mporoÔme na prosdiorÐsoume th

sqetikă jèsh miac trÐthc èlleiyhc E3 wc proc autăn upologÐzontac th diakrÐnousa twn L̄

kai E3, Λ(ū, v̄). H Λ3 eÐnai arnhtikă, mhdèn ă jetikă an kai mìno an h E3 èqei 0, 1 ă 2 koinĹ

shmeÐa me thn L̄ antÐstoiqa. Stic prÿtec 2 periptÿseic, to prìshmo thc timăc thc L̄(x, y)

ìtan ta x, y antistoiqoÔn sto kèntro thc E3, kajorÐzei se poia pleurĹ thc Λ̄ brÐsketai h

E3.

Pìrisma 0.2.6 To κ2 ulopoieÐtai ektelÿntac to polÔ tic parakĹtw prĹxeic:

i) epÐlush sustămatoc 2 exisÿsewn 2 metablhtÿn 2ou bajmoÔ (upologismìc koinÿn efa-

ptomènwn),

ii) epÐlush 2 triwnÔmwn kai to polÔ 3 sugkrÐseic metaxÔ algebrikÿn arijmÿn 2ou bajmoÔ

(upologismìc diĹtaxhs-P),

iii) upologismìc timăc 1 grammikoÔ poluwnÔmou 2 metablhtÿn (epilogă katĹllhlhc exw-

terikăc efaptomènhc), kai

iv) upologismìc timăc 1 tetragwnikoÔ poluwnÔmou 2 metablhtÿn (upologismìc sqetikăc

jèshc efaptomènhc kai èlleiyhc).

’Ola ta poluÿnuma èqoun tetragwnikoÔc suntelestèc wc proc tic paramètrouc eisìdou.

0.3 Exwterikìc efaptìmenoc Apollÿnioc kÔkloc

Dojèntwn triÿn elleÐyewn thc morfăc (1), jèloume na broÔme ton exwterikì efaptìmeno

kÔklo, ìpwc faÐnetai sto sqăma 4. TelikĹ mac endiafèrei na apofasÐsoume th sqetikă jèsh

miac tètarthc èlleiyhc kai tou kÔklou. Shmantikì anoiqtì erÿthma paramènei to mègisto

plăjoc twn pragmatikÿn efaptìmenwn kÔklwn se 3 elleÐyeic.

’Estw
√

s h aktÐna tou efaptìmenou kÔklou kai (v1, v2) to kèntro tou. PaÐrnontac th

diakrÐnousa, ìpwc parapĹnw, gia kajemÐa èlleiyh èqoume:

∆1(v1, v2, s) = ∆2(v1, v2, s) = ∆3(v1, v2, s) = 0. (2)

AnĹmesa stic lÔseic tou sustămatoc, o exwterikìc efaptìmenoc kÔkloc den èqei apa-

raÐthta th mikrìterh aktÐna; deÐte tic antÐstoiqec periptÿseic sto sqăma 4.

Efarmìzoume th jewrÐa thc araiăc (ă torikăc) apaloifăc, qrhsimopoiÿntac tic idiìthtec

thc diakrÐnousac kai tou meiktoÔ ìgkou. DÐnetai èna sÔsthma n + 1 poluwnÔmwn fi me

n metablhtèc, me suntelestèc cij. H apaloÐfousa autÿn twn poluwnÔmwn eÐnai èna nèo

poluÿnumo R ∈ Z[cij] tètoio ÿste ìtan pĹroun timèc ta cij, R = 0 ⇐⇒ ∃a : ∀i fi(a) = 0.
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V

Sqăma 4: Efaptìmenoi kÔkloi se 3 elleÐyeic; mìno ènac efĹptetai exwterikĹ

An oi rÐzec a brÐskontai se mia probolikă (antÐst. torikă) poikilìthta, tìte anaferìmaste

sthn probolikă (antÐst. torikă) apaloÐfousa. Dojèntwn n poluwnÔmwn n metablhtÿn, o

meiktìc ìgkoc autoÔ tou poluwnumikoÔ sustămatoc eÐnai mia sunĹrthsh thc upostărixhc4

(polÔtopo tou NeÔtwna) kĹje poluwnÔmou. O meiktìc ìgkoc parèqei èna Ĺnw frĹgma gia

tic rÐzec (plăjoc) tou sustămatoc sto (C∗)n. Gia perissìterec plhroforÐec deÐte to [11].

KĹje ∆i eÐnai sunolikoÔ bajmoÔ 8 sta v1, v2, s kai 4 sto s. O meiktìc ìgkoc tou

sustămatoc (2) eÐnai 256 ` polÔ uyhlìc. EÐnai gnwstì ìti autì to frĹgma mporeÐ na mhn

eÐnai sfiqtì, kajÿc mporeÐ na na aparijmeÐ migadikèc rÐzec kai rÐzec sto {Ĺpeiro}.

Sthn pragmatikìthta eÐnai dunatì na elattÿsoume to meiktì ìgko tou parapĹnw sustă-

matoc kai na petÔqoume kalÔtero Ĺnw frĹgma. Jètoume

q := v2
1 + v2

2 − s (3)

Se aută thn perÐptwsh, o pÐnakac B pou orÐsthke se prohgoÔmenh enìthta, perièqei mìno

grammikoÔc ìrouc wc proc v1, v2, q. H diakrÐnousa tou qarakthristikoÔ poluwnÔmou eÐnai

sunolikoÔ bajmoÔ 6 sta v1, v2, q kai 4 sto q; oi suntelestèc twn 1, q, q2, q3, q4 eÐnai poluÿ-

numa wc proc v1, v2 bajmoÔ 6,5,4,2,1 antistoÐqwc. Tÿra to sqetikì sÔsthma diakrinousÿn

èqei meiktì ìgko 184. Shmeiÿste ìti gia na lÔsoume wc proc v1, v2, s qreiĹzetai h exÐswsh

(3). O meiktìc ìgkoc tou sustămatoc twn ∆i epauxhmèno me aută thn exÐswsh eÐnai pĹli

184, wc proc v1, v2, s, q.

Prìsfata apotelèsmata sth morfă pÐnaka thc apaloÐfousac mac epitrèpoun na upo-

logÐzoume thn apaloÐfousa sugkekrimènwn susthmĹtwn 3 poluwnÔmwn dÔo metablhtÿn wc

mÐa aplă orÐzousa. MÐa kathgorÐa tètoiwn susthmĹtwn eÐnai ekeÐna me thn Ðdia upostărixh

4Υποστήριξη ενόc συστήµατοc είναι οι βαθµοί των όρων κάθε εξίσωσηc. Για παράδειγµα 3x4y4 +2xz = 0,

έχει όρουc τα {x4y4, xz} και η υποστήριξη ωc προc (x, y, z) είναι {(4, 4, 0), (1, 0, 1)}.
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[26]. O antÐstoiqoc pÐnakac eÐnai ubridikìc, perièqei mplok tÔpou Sylvester kai mplok tÔpou

Bézout. H kataskeuă tou pÐnaka èqei ulopoihjeÐ se Maple apì ton A. Khetan. To sÔsthmĹ

mac (2) entĹssetai se aută thn kathgorÐa, jewrÿntac metablhtèc ta v1, v2, afoÔ {krÔyou-

me} to q stouc suntelestèc. H apaloÐfousĹ tou eÐnai èna poluÿnumo wc proc q kai isoÔtai,

genikĹ, me thn orÐzousa enìc 58 × 58 pÐnaka. SumbolÐzoume ton pÐnaka autì me K.

Gia na pĹroume mia idèa gia tic posìthtec pou perilambĹnontai, meletăsame èna sug-

kekrimèno parĹdeigma triÿn elleÐyewn se tuqaÐa jèsh, ìpwc sto aristerì sqăma 4. Oi

parĹmetroi eisìdou eÐnai proshmasmènoi akèraioi 10-bit. Ta stoiqeÐa tou K eÐnai eÐte 0

eÐte poluÿnuma wc proc q bajmoÔ 0`10. O upologismìc thc orÐzousac tou K gÐnetai me

parembolă. H orÐzousa tou K eÐnai èna poluÿnumo wc proc q, to opoÐo sumbolÐzoume me

d(q). Antikajistÿntac diaforetikèc timèc tou q sto K apaloÐfoume touc agnÿstouc, ètsi

ÿste o upologismìc thc orÐzousac na eÐnai aplì zăthma. KĹnontac 200 antikatastĹseic

(sthn pragmatikìthta arkoÔn 185) părame 200 zeÔgh 〈q, d(q)〉. ProkÔptei ìti upĹrqei mo-
nadikì poluÿnumo parembolăc bajmoÔ 184 wc proc q pou pernĹ apì autèc tic timèc kai eÐnai

akribÿc h apaloÐfousa tou paradeÐgmatìc mac. ’Etsi, se autì to parĹdeigma to plăjoc

migadikÿn rizÿn tairiĹzei me to Ĺnw frĹgma pou dÐnei o meiktìc ìgkoc. Oi suntelestèc thc

apaloÐfousac eÐnai kata mèso ìro akèraioi 1385 yhfÐwn (4603-bit). Den èqoume katafèrei

akìmh na epilÔsoume thn apaloÐfousa apotelesmatikĹ kai akribÿc. PĹntwc, se mia proka-

tartikă prosèggish efarmìsame th mèjodo Aberth (ulopoÐhsh sto [8]) gia na epilÔsoume

to poluÿnumo arijmhtikĹ. O algìrijmoc èdwse 8 pragmatikèc rÐzec se ligìtero apì èna

deuterìlepto.

Enÿ h arijmhtikă epÐlush tou poluwnÔmou thc apaloÐfousac gÐnetai polÔ grăgora, o

upologismìc (twn suntelestÿn) tou poluwnÔmou paÐrnei arketì qrìno. Wstìso, mporoÔme

na epilÔsoume arijmhtikĹ to Ðdio to sÔsthma wc exăc: JewroÔme èna sÔsthma isodÔnamo

me to (2) kai to opoÐo èqei ton Ðdio meiktì ìgko. KĹje ∆i(v1, v2, q) eÐnai h diakrÐnousa tou

φi(λ, v1, v2, q). Epeidă o mhdenismìc thc diakrÐnousac antistoiqeÐ sto mhdenismì thc prÿthc

paragÿgou, paÐrnoume to 6 × 6 sÔsthma:

φi(λi, v1, v2, q) = 0

∂

∂λi

φi(λi, v1, v2, q) = 0 (4)

ìpou i = 1, 2, 3. To sÔsthma autì èqei polÔ pio mikroÔc suntelestèc apì to (2) kai

perilambĹnei treic exisÿseic sunolikoÔ bajmoÔ 3 kai treic sunolikoÔ bajmoÔ 2. Tÿra eÐnai

eÔkolo na epilÔsoume to sÔsthma arijmhtikĹ me to PHCpack [34], to opoÐo ekmetalleÔetai

thn araiìthta kai qrhsimopoieÐ mejìdouc sunèqeiac thc omotopÐac.

Jeÿrhma 0.3.1 To sÔsthma (2) èqei to polÔ 184 migadikèc rÐzec. To frĹgma autì eÐ-

nai sfiqtì, dhladă upĹrqoun triĹdec elleÐyewn me autì to plăjoc migadikÿn Apollÿniwn

kÔklwn.
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To apotèlesma genikeÔetai gia ìlec tic kwnikèc tomèc. SÔmfwna me to [33], upĹrqoun 184

migadikoÐ kÔkloi sth qeirìterh perÐptwsh pou efĹptontai se 3 dojeÐsec kwnikèc tomèc sto

epÐpedo. Wstìso paramènei akìmh anoiqtì to erÿthma pìsoi pragmatikoÐ kÔkloi upĹrqoun.

Ta dikĹ mac peirĹmata èdwsan mèqri 23 tètoiouc kÔklouc.

Gia na elattÿsoume thn algebrikă poluplokìthta tou problămatoc, mporoÔme na jew-

răsoume diĹforec hmi-algebrikèc sunjăkec. Autèc oi anisìthtec qrhsimeÔoun sto na epi-

lègoume tic katĹllhlec rÐzec ìtan mac dÐnetai mia (arijmhtikă) lÔsh tou sustămatoc, miac

kai endiaferìmaste mìno gia ton exwterikì Apollÿnio kÔklo. Sto kefĹlaio 3 gÐnetai mia

pio leptomerăc anĹlush tou problămatoc kai dÐnoume hmi-algebrikèc sunjăkec kajÿc kai

periorismoÔc pou prokÔptoun apì th gewmetrÐa tou problămatoc. Anamènoume oi sunjăkec

autèc na odhgăsoun se ènan apotelesmatikì algìrijmo upodiaÐreshc.

0.4 UlopoÐhsh

Ulopoiăsame ta kathgorămata κ1 kai κ2 qrhsimopoiÿntac th synaps [14], mia bibliojăkh

C++ gia sumbolikoÔs-arijmhtikoÔc upologismoÔc. H synaps parèqei mia apotelesmatikă

uplopoiăsh basismènh stouc algorÐjmouc tou [16] gia logismì me algebrikoÔc arijmoÔc

mikroÔ bajmoÔ, epÐlush poluwnumikÿn susthmĹtwn 2 metablhtÿn, kai upologismì tou pro-

sămou thc timăc poluwnÔmou dÔo metablhtÿn pĹnw se dÔo algebrikoÔc arijmoÔc. Qrhsimo-

poiăsame ektetamènh akèraia arijmhtikă gmp
5.

Gia thn arijmhtikă epÐlush tou sustămatoc pou antistoiqeÐ sto trÐto kathgìrhma, qrhsi-

mopoiăsame to PHCpack me thn epilogă {maÔro koutÐ}, afoÔ prÿta klimakÿsame katĹllhla

touc suntelestèc.

Gia kĹje test dhmiourgăsame 1000 tuqaÐa paradeÐgmata (shmeÐo kai 2 elleÐyeic ă 3 elleÐ-

yeic) me suntelestèc omoiìmorfa katanemhmènouc metaxÔ 0 kai 2B, B ∈ {10, 30, 100, 300}.
Ta test ètrexan se ènan P4 2.6GHz-CPU me 1GB RAM, me Debian Linux purăna 2.6.10.

O pÐnakac 1 sunoyÐzei touc mèsouc qrìnouc; gia ta κ1 kai κ2, oi qrìnoi ektèleshc auxĹ-

nontai upotetragwnikĹ wc proc B. Shmeiÿste pwc gia to κ2, o misìc qrìnoc analÿnetai

sthn epÐlush tou sustămatoc kai o Ĺlloc misìc gia ton upologismì thc sqetikăc jèshc thc

trÐthc èlleiyhc. Sugkrinìmeno me to [19], to κ2 eÐnai pio isqurì. Enÿ ekeÐ upologÐzetai to

(χ1) se sunolikì qrìno 6ms, to κ2, ston Ðdio qrìno, parèqei perissìterh plhroforÐa.

Gia to κ3, oi qrìnoi anafèrontai sthn epÐlush tou antÐstoiqou sustămatoc. ’Einai sqe-

dìn anexĹrthtoi tou megèjouc thc eisìdou se bit, afoÔ qrhsimopoieÐtai arijmhtikă diplăc

akrÐbeiac. Akìma den eÐmaste se jèsh na ektimăsoume thn arijmhtikă akrÐbeia, oÔte ton

akribă arijmì pragmatikÿn lÔsewn. Sto [3] to proteinìmeno sÔsthma gia to κ3 èqei upo-

bèltisto meiktì ìgko kai sunepÿc megalÔterh poluplokìthta. An kai ekeÐ upologÐzontai

5www.swox.com/gmp/
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B kathgìrhma κ1 [ms] kathgìrhma κ2 [ms] kathgìrhma κ3 [sec]

10 0.45 6.15 23.85

30 0.94 16.46 34.52

100 3.68 73.21 38.36

300 17.3 396.82 38.44

PÐnakac 1: Mèsoi qrìnoi thc ulopoÐhsăc mac

epÐshc proseggistikèc arijmhtikèc lÔseic, oi mèjodoi pinĹkwn pou qrhsimopoioÔntai faÐnon-

tai pio argèc apì tic dikèc mac.

0.5 EpÐlogoc

O upologismìc tou diagrĹmmatoc Voronoi kampÔlwn antikeimènwn mporeÐ na apaităsei po-

lÔploka kathgorămata. Se aută th diatribă meletăsame merikĹ apì ta kathgorămata pou

apaitoÔntai sthn perÐptwsh pou ta kampÔla antikeÐmena eÐnai elleÐyeic.

Dÿsame ènan aplì trìpo upologismoÔ enìc enìc eswterikoÔ shmeÐou miac èlleiyhc.

ProteÐname mia apotelesmatikă anaparĹstash thc apìstashc metaxÔ shmeÐou kai èlleiyhc

h opoÐa odăghse se mia apotelesmatikă ulopoÐhsh tou antÐstoiqou kathgorămatoc. Ako-

loujÿntac mia parìmoia prosèggish, mporèsame na diakrÐnoume th sqetikă jèsh miac trÐthc

èlleiyhc wc proc thn koină efaptomènh dÔo Ĺllwn. O trìpoc pou upologÐzetai to kathgì-

rhma mac epitrèpei na qarakthrÐzoume plărwc ìlec tic koinèc efaptomènec.

Basismènoi se autĹ ta apotelèsmata meletăsame to prìblhma tou Apollÿniou kÔklou

kai thn poluplokìthtĹ tou qrhsimopoiÿntac ergaleÐa ìpwc o meiktìc ìgkoc kai h apaloÐ-

fousa. EÐmaste oi prÿtoi pou dÿsame èna sfiqtì Ĺnw frĹgma gia to plăjoc twn migadikÿn

Apollÿniwn kÔklwn.

An kai lÔnoume to antÐstoiqo sÔsthma arijmhtikĹ, parèqoume hmialgebrikèc sunjăkec

kai gewmetrikoÔc periorismoÔc ÿste na mporoÔme na apokleÐsoume periptÿseic me kĹpoion

algìrijmo upodiaÐreshc. Se mellontikă ergasÐa, ènac tètoioc algìrijmoc ja mporoÔse na

odhgăsei se mia apotelesmatikă kai akribă ulopoÐhsh pragmatikoÔ qrìnou.
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Chapter 1

Preliminaries

Voronoi diagrams are interesting constructs with numerous applications which include

motion planning, collision detection, and pattern matching. They have been studied ex-

tensively [7], however the bulk of the existing work in the plane concerns point-sites or

linear sites such as segments [22] and polygons [32]. More recently, some efforts have been

undertaken to extend Voronoi diagrams to the case where the sites are curves (e.g. [1, 3, 6])

or have non-empty interior [10, 13, 9]. The most direct precursor to our work is the diagram

of circles, e.g. [4, 24, 27]. For additively-weighted diagrams, the implementation of [15] is

now part of the standard distribution of the CGAL library; an important step was the use

of efficient predicates from [23]. Among those were specialised versions of our predicates

(κ2) and (κ3), whereas (κ0) and (κ1) become trivial in the case of circles.

A related class of problems concerns the computation of visibility maps among ellipses,

which generalizes [2]. In these problems, the computation and the characterisation (as

external or internal) of all bitangents of two ellipses is of independent interest. Three

crucial predicates for visibility problems are χ2, χ1 and χ0.

(χ2) computes the sign of the determinant of two oriented bitangents.

(χ1) is a specialization of χ2, in case where both bitangents are tangent to the same ellipse.

(χ0) takes three bitangents, all of them are tangent to the same ellipse, and computes the

circle order of their tangency points to this ellipse.

These are discussed in [2, 15] for circles and, currently, in [19] for ellipses. We can apply

our approach to answer χi’s or vice versa. However, our approach is more general, since

we compute and characterize all the bitangents, without losing in efficiency.

Recent works derive (semi-)algebraic conditions for characterizing the relative position

of conics in the plane or certain quadrics in space, e.g. [18, 35, 36]. We draw upon those

and propose some simpler conditions in our specific setting.
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Figure 1.1: Voronoi diagram of three ellipses

Our ultimate goal is to compute efficiently and exactly the Voronoi (or Apollonius)

diagram of arbitrary sets of ellipses in the plane, under the Euclidean metric. Figure 1.1

shows such a diagram of three random ellipses.

We assume that the ellipses are given algebraically, or implicitly. This is clearly a harder

problem than the diagram of circles or the visibility map among ellipses, hence the need for

higher degree algebraic operations. As a first step, we study the case of non-intersecting

ellipses.

Our approach relies on the general framework of abstract Voronoi diagrams, e.g. [28].

More specifically we follow [25], which proposes a dynamic algorithm for computing the

Voronoi diagram of convex objects where the boundaries of any two of them intersect

at most twice. Non-intersecting ellipses enter in this framework. The approach has two

phases. First, locate a Voronoi cell which changes due to the inserted ellipse and, second,

detect and update all such cells. The algorithm depends on the following construction and

3 predicates:

(κ0) determine a point inside a given ellipse

(κ1) given two ellipses and a point outside of both, decide which is the ellipse closest to

the point, under the Euclidean metric

(κ2) given three ellipses, decide the relative position of the third one with respect to a

specific external bitangent of the first two

(κ3) given 4 ellipses, decide the relative position of the fourth one with respect to the

external tritangent Voronoi circle of the first three
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Construction (κ0) is used in conjunction with all other predicates and is straightforward to

implement. Predicate (κ1) suffices for the first phase of the algorithm, where it is enough to

find the ellipse of the diagram closest to any point of the new ellipse; this point is provided

by (κ0). Predicates (κ0) and (κ3) are used in the second phase. Updating the cells that

change may also require some constructions, which shall be addressed in a future work.

For predicate (κ1) we consider a circle, centered at the point, with unknown radius,

which corresponds to the distance to be compared. The existence of a tangency point

between the circle and the ellipse is equivalent to the vanishing of the discriminant of the

characteristic polynomial of the conics. It is equal to the determinant of the pencil defined

by the circle and the ellipse. One of our main contributions is a method for (κ1) that

uses algebraic numbers of degree 4, which is optimal. Note that we avoid expressing the

coordinates of the tangency point.

In order to decide κ2 we compute and characterize all the bitangents of two ellipses as

roots of a bivariate quadratic polynomial system. We avoid to compute the tangency points,

as in κ1. Our approach is exact, optimal in the algebraic degree and handles efficiently all

degenerate cases, i.e. vertical bitangents. We provide efficient implementation in synaps

([14]) for both predicates and we answer them in an exact way.

Let us focus on predicate (κ3). In the case of 3 disks, the number of tritangent circles

is 8 and the corresponding predicate is of algebraic degree 2 [15]. This problem is also

known as Apollonius Tenth problem, because it was first addressed by Apollonius of Perga,

in about 250 BC. While this has been known since antiquity, the generalization to ellipses

is yet to be solved efficiently.

Even the number of tritangent circles to 3 ellipses is not known. The problem involves

equations of high degree and obtaining an exact solution is nontrivial ([3]). [31] attempts to

deal with this problem, but exact computation with the proposed method is not completed

and the author reverts to numerical methods. No bounds on the complexity are given, nor

on the number of tritangent circles.

We apply the method from predicate (κ1) and recent advances in sparse (or toric)

resultants in order to project all common roots to those of a univariate equation. This

leads to the first interesting bound on the number of tritangent circles. Mixed volume also

gives this bound as does a real algebraic geometry argument [33].

Our proposal is that geometric reasoning and semi-algebraic tools must enhance the

purely algebraic methods, towards an efficient and exact implementation. In this direc-

tion, we contribute new conditions, based on Descartes’ rule. We analyze their geometric

significance in order to distinguish cases whose algebraic complexity is lower than the gen-

eral problem, expecting that this, enhanced with novel subdivision techniques like [32],

shall lead to a real-time algorithmic solution. Currently we solve the corresponding system

numerically using PHCpack ([34]).

This master’s thesis is organised as follows. First, we introduce some of the ellipse’s
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properties and settle construction (κ0). Then we propose an efficient representation for the

Euclidean distance between a point and an ellipse and we apply this idea to solve predicate

(κ1). After that we deal with the bitangent line, and finally with the external tritangent

Apollonius circle. At the end, we present the implementation of (κ1) and (κ2).

23



1.1 The Ellipse

An ellipse is the locus of points in the plane the sum of whose distances from two fixed

points F1, F2 is a given positive constant 2α. The points F1 and F2 are called the foci of the

ellipse and we ’ll assume that they are separated by a distance of 2γ. The ellipse is a conic

section. In cartesian coordinates, let P = (x, y) be a point on the ellipse, F1 = (−γ, 0) and

F2 = (γ, 0), that is we consider an ellipse along the x-axis, centered at the origin O(0, 0).

Then the following equation holds:

x2

α2
+

y2

β2
= 1 (1.1)

where β2 = α2 − γ2. In this case, where the center of the ellipse is the origin of the

coordinate system and the foci lie on the horizontal axis, we say that the ellipse is in

orthogonal position.

Let us now consider the ellipse in generic position, where
−−→
F1F2 is not parallel to the

x-axis, but has been rotated counter-clockwise by u radians1, while its center lies at (xc, yc).

In this case we consider a new coordinate system centered at the center of the ellipse and

with axes parrallel to those of the ellipse. Every point (x, y) of the initial coordinate system

maps to a new point (X,Y ) in the new system where:
(

X

Y

)

=

(

cos(u) sin(u)

− sin(u) cos(u)

)(

x − xc

y − yc

)

(1.2)

It is obvious from the cartesian equation 1.1 that an ellipse in orthogonal position can

be written in a simple parametric form:

x(t) = α cos(t)

y(t) = β sin(t)

where t ∈ [0, 2π).

To find the parametric form of an ellipse in generic position, we multiply the rotation

matrix
(

cos(u) − sin(u)

sin(u) cos(u)

)

by the vector (x(t), y(t))T adding the offset (xc, yc)
T and get

x(t) = α cos(u) cos(t) − β sin(u) sin(t) + xc

y(t) = α sin(u) ∗ cos(t) + β cos(u) sin(t) + yc

1Throughout this document all angles and arcs will be measured in radians, so the unit will not be

mentioned.
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Let z = tan( t
2
), w = tan(u

2
). Then sin(t) = 2z

1+z2 , cos(t) = 1−z2

1+z2 . We can now rewrite

the parametric equations as follows

x(z) =
−α(1 − w2)z2 − 4βwz + α(1 − w2)

(1 + w2)(1 + z2)
+ xc

y(z) =
2(−αwz2 + β(1 − w2)z + αw)

(1 + w2)(1 + z2)
+ yc

where z ∈ (−∞,∞).

Now assume that (dx, dy) = (0, 0). The equation of the large axis of E is

∣

∣

∣

∣

∣

∣

x y 1

0 0 1

x(0) y(0) 1

∣

∣

∣

∣

∣

∣

= 0

which simplifies to

ex(x, y) = yw2 + 2xw − y = 0 (1.3)

Similarly, the equation of the small axis of E is

∣

∣

∣

∣

∣

∣

x y 1

0 0 1

x(1) y(1) 1

∣

∣

∣

∣

∣

∣

= 0

which simplifies to

ey(x, y) = xw2 − 2yw − x = 0 (1.4)

From equations 1.1 or 1.2 we can rewrite the equation of an ellipse in the generic form

that every conic satisfies:

ax2 + 2bxy + cy2 + 2dx + 2ey + f = 0 (1.5)

where

a = α2 sin2 u + β2 cos2 u

b = −γ2

2
sin(2u)

c = α2 cos2 u + β2 sin2 u

d =
γ2

2
yc sin(2u) + γ2xc cos2 u − α2xc

e =
γ2

2
xc sin(2u) − γ2yc cos2 u − β2yc

f = γ2(y2
c − x2

c) cos2 u − γ2xcyc sin(2u) + α2x2
c + β2y2

c − α2β2
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O
w

xc

yc
a

b

Figure 1.2: An ellipse in generic position

The above equations show the relation between the six parameters of the ellipse {a, b, c, d, e, f}
and its basic geometric characteristics – centre (xc, yc), rotation (u) and axes {α, β}.

The following quantities remain constant, no matter what transformations (rotation,

translation) are applied:

J1 = a + c = α2 + β2

J2 =

∣

∣

∣

∣

a b

b c

∣

∣

∣

∣

= α2β2

J3 =

∣

∣

∣

∣

∣

∣

a b d

b c e

d e f

∣

∣

∣

∣

∣

∣

= 2bed − e2a − d2c − b2f + acf = −α4β4 = −J2
2

The following quantity is invariant under rotation; its expression uses the lemma below.

J4 = (a + c)f − d2 − e2

= −α2β2(α2 + β2 − x2
c − y2

c )

= J2(x
2
c + y2

c − J1).

Lemma 1.1.1 Consider an ellipse E of the form (1.5). Let Ly be the line connecting the

leftmost with the rightmost point of the ellipse. Let Lx be the line connecting the topmost

26



Lx

Ly

Figure 1.3: The lines intersect at the center of the ellipse

with the bottom-most point. Then Lx and Ly intersect at the center of the ellipse (xc, yc)

(fig. 1.3) and its coordinates are a rational expression of the parameters of the ellipse:

xc =
be − dc

J2

, yc =
bd − ae

J2

Proof. Lx = 0 ⇐⇒ ∂E
∂x

= 0 ⇐⇒ ax + by + d = 0. Similarly Ly = 0 ⇐⇒ ∂E
∂y

=

0 ⇐⇒ bx + cy + e = 0. Solving the linear system {Lx = 0, Ly = 0} we obtain the

solution {x = be−dc
ac−b2

, y = bd−ae
ac−b2

}. Moreover, from the relation between {a, b, c, d, e} and

{xc, yc, α
2, β2, sin(2u), cos2 u} it is obvious that the center of the ellipse (xc, yc) satisfies

both Lx = 0 and Ly = 0.2 ¤

The above lemma leads to a straightforward implementation of construction (κ0). In

the case of disks we may also pick their centers, though here the latter has coordinates of

degree 2 in the input data (a, b, c, d, e, f).

Given a point V outside an ellipse, how many normals are there to the ellipse? Let us

count normal segments, defined as the segment of a line normal to the ellipse at some point

Q; the segment’s endpoints are Q, V . The boundary of the regions where the number of

normals changes is the evolute, which is a stretched astroid [21]. For an ellipse in orthogonal

position, each point (x, y) on the evolute satisfies:

(αx)
2

3 + (βy)
2

3 = γ
4

3

Proposition 1.1.2 There are 4, 3 or 2 normals of a point to an ellipse, depending on

whether the point lies inside the evolute, lies on the evolute but not at a cusp or, respectively,

the point is a cusp or outside the evolute.

This yields a lower bound on the algebraic complexity of computing the distance of an

external point to the ellipse, since any condition on the unknown distance has degree ≥ 4.

2An alternative way to obtain the centre is that d and e must vanish after translation. This gives a

2 × 2 system.
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V

Figure 1.4: Top: an example of a point with 4 normals. Bottom: the evolute of an ellipse.
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Chapter 2

Distance between point and ellipse

Consider an ellipse E and a point V = (v1, v2) outside E. Let C be a circle centered at V

with radius equal to
√

s, for a real s > 0. We shall express the Euclidean distance δ(V,E)

between V and E by the smallest positive value of
√

s for which C is tangent to E. In

comparing distances, it is sufficient to consider squared distance s1.

It would be possible to find all tangency points P (x, y) by solving the system:
{

E(x, y) = 0
[−−→∇E(x, y) × ( ~P − ~V )

]

3
= 0

(2.1)

and then choosing the appropriate solution, where the 2nd equation constraints the vector
~P − ~V to be parallel to to

−−→∇E at (x, y) (and thus normal to E) by vanishing the third

coordinate of their cross-product. Consider system (2.1) with an additional equation:

‖~P − ~V ‖2 = s. The resultant of the 3 polynomials with respect to x, y is precisely the

1Note that for the voronoi diagram the definition of the distance is extendend to points interior to the

ellipse, as well. In this case, the distance from the ellipse is assumed to be negative.

Figure 2.1: Distance between point and ellipse
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polynomial ∆(v1, v2, s) to be defined below by an alternative manner. It is the algebraic

representation of the offset curve to E at distance s.

From now on, we ’ll use a more compact representation for system 2.1:

E(x, y) = det[∇E(x, y), (x, y) − V ] = 0 (2.2)

2.1 Parametric approach

We shall now try to compute δ(V,E) using the parametric equations of E.

Lemma 2.1.1 Let E be an ellipse centered at O, V a point on the plane outside E and

P ∈ E such that δ(V,E) = |−→V P |. Then P and V do not lie on different sides of the large

axis of E.

Proof Assume that P and V lie on different sides of the large axis of E which we will

denote by Ox. Obviously the segment PV crosses Ox at some point X. If X is interior

to the ellipse E, then the segment XV crosses the boundary of E at some point Y and

we have |PV | = |PX| + |XY | + |Y V |. Consequently, |Y V | < |PV | which contradicts our

assumption that P is the point on E that is closest to V . If X is exterior to E then we

consider two cases:

i) Both P and V are on the same side of the small axis Oy of E. In this case, we

consider the tangent of E that is perpendicular to Ox and crosses Oy on the point A

that lies on the same side of Oy together with V and P . The angle V̂ AP is greater

than π/2 radians, and therefore |AV | < |PV | which contradicts our assumption.

ii) P and V lie on different sides of Oy. We analogously consider the tangent of E

perpendicular to Ox crossing Oy on the point A that lies on the same side of Oy

together with V . Again, angle V̂ AP is greater than π/2 radians, and therefore we

get |AV | < |PV |, which is a contradiction. ¤

Let us now compute P . We assume that the coordinates of P are (x(z), y(z)) as defined

in the previous section and the coordinates of V are (v1, v2). Then we have2

δ(z) = |−→V P | =
(

v1 −
−α(1 − w2)z2 − 4βwz + α(1 − w2)

(1 + w2)(1 + z2)

)2

+

(

v2 −
2(−αwz2 + β(1 − w2)z + αw)

(1 + w2)(1 + z2)

)2

(2.3)

2We actually compute the square of the distance.
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The function δ(z) is differentiatable and therefore it gets its minimum value at some root

ζ of its derivative δ′(z).

By Lemma 2.1.1 we have that

(v2w
2 + 2v1w − v2)(y(ζ)w2 + 2x(ζ)w − y(ζ)) ≥ 0

or simply

−ζex(v1, v2) ≥ 0 (2.4)

The derivative of δ(z) is

δ′(z) =
4

(1 + z2)3(1 + w2)

(

− β(v2w
2 + 2v1w − v2)z

4 +

2[(α2 − β2 − v1α)w2 + 2v2αw + α2 − β2 + v1α]z3 +

2[−(α2 − β2 − v1α)w2 + 2v2αw − (α2 − β2) + v1α]z +

b(v2w
2 + 2v1w − v2)

)

It is clear from the above equation that δ′(z) has at least one positive and one negative

root, as the product of the roots of δ′(z) is negative. Thus, we can always pick either the

smallest or the largest root of δ′(z), so that equation (2.4) holds.

Lemma 2.1.2 Exactly one root ζ of δ′(z) satisfies equation (2.4).

Proof From equation (2.4) it is obvious that the sign of (1.3) with x and y replaced by

x(z) and y(z) is −z. Positive and negative values of z correspond to points on the ellipse

that lie on different sides of its large axis. For our proof we will consider the case where

there is no rotation, that is w = 0. If w 6= 0 then we could rotate everything the inverse

way (by −w) so that the horizontal axis x becomes the large axis of the ellipse. When

w = 0, δ′(z) has the simpler form:

δ′(z) =
4

(1 + z2)3

(

βv2z
4 + 2[α2 − β2 + v1α]z3 + 2[−(α2 − β2) + v1α]z − bv2

)

and equation (2.4) becomes:

ζv2 ≥ 0

• v2 > 0. We shall prove that δ′(z) has exactly one positive root. Considering the sign

variations of the coefficients of δ′(z) and using Descarte’s rule we have the following

cases:

sign upper bound of positive roots

(+,−,−,−) 1

(+, +,−,−) 1

(+,−, +,−) 3

(+, +, +,−) 1
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Since δ′(z) has at least one positive root, it suffices to prove that the sign variations

of the third case, (+,−, +,−) cannot exist. Let Cn be the coefficient of zn in δ′(z)

divided by the positive quantity 4
(1+z2)3

. Then C3 = 2[α2 − β2 + v1α] and C1 =

2[−(α2 − β2) + v1α]. If C3 < 0 then we have equivalently:

C3 < 0

α2 − β2 + v1α < 0

−2(α2 − β2) + α2 − β2 + v1α < 0

−(α2 − β2) + v1α < 0

C1 < 0

This means that there cannot be C3 < 0 and C1 > 0 at the same time.

• v2 < 0. We can easily prove working in a similar manner that δ ′(−z) has exactly one

positive root. ¤

We can now implement a function that given an ellipse E and a point V outside E, it

computes the point P (z) on E so that |−→V P | = δ(V,E). The algorithm computes the sign

of ex(v1, v2) in order to determine which side of the large axis of E, V lies on. A special

case exists when ex(v1, v2) = 0, that is when V lies on the large axis of E. In this case, it

can be easily shown that P lies on the same side of the small axis of E as V and P equals

to either P (0) or P (∞). Thus if ey(v1, v2)ey(x(0), y(0)) > 0, then we have equivalently

that ey(v1, v2) < 0.

function FindPz(a, b, w, v1, v2)

1 Sx := v2w
2 + 2v1w − v2;

2 Sy := v1w
2 − 2v2w − v1;

3 if Sx = 0 then

4 if Sy < 0 then

5 return 0;

else

6 return ∞;

end if

7 else if Sx < 0 then

8 rootindex := 3;

9 else if Sx > 0 then

10 rootindex := 0;

end if

11 A := (α2 − β2 − v1α)w2 + α2 − β2;
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12 B := 2v2αw + v1α;

13 dz :=−βSxz
4 + 2(A + B)z3 − 2(A − B)z + βSx;

14 return RootOf[dz, rootindex ];

end function

2.2 Algebraic approach

In this section we follow an algebraic approach in order to compute δ(V,E). The idea is

to avoid explicit computation of the tangency points.

2.2.1 The resultant

The simplest way is the following. The system E = C = 0 must have a multiple root

for the circle to be tangent to the ellipse. Thus, their resultant with respect to x (or y),

which is of degree 4, has a multiple root. The discriminant system (e.g. [16]) expresses this

condition effectively.

In the special case where V lies on E we define δ(V,E) := 0. We can easily see that

δ(V,E) = (b− v2)
2, when v1 = 0. We ’ll now compute δ(V,E) when v1 6= 0 and v2 6= 0 and

V does not lie on E, taking the latter in orthogonal position.

Consider the equation system of E and C:

E : β2x2 + α2y2 − α2β2 = 0

C : (x − v1)
2 + (y − v2)

2 − s = 0

The resultant of the above system (with respect to y) is a polynomial of x of degree 4:

p(x) = (α2 − β2)2x4

−4α2v1(α
2 − β2)x3

+2α2(−β2v2
1 + β2s + 3α2v2

1 + β2v2
2 − α2s + α2v2

2 + α2β2 − β4)x2

−4α4v1(β
2 + v2

2 + v2
1 − s)x

+α4((v2
1 + v2

2 + β2 − s)2 − 4β2v2
2)

Now let us examine some useful properties of the system:

Proposition 2.2.1 p(x) = 0 if and only if C and E have a common point.

Proof It is obvious from the definition of the resultant (and because the coefficient of y2

in E is nonzero). ¤

Proposition 2.2.2 If s < 0 then p(x) has no real roots.
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Proof Since s is the square of the radius of a circle, it must be non-negative, or we ’ll have

a complex circle. Obviously, if we have no real circle, p(x) will have no real roots. ¤

Proposition 2.2.3 δ(C,E) = s =⇒ all real roots of p(x) are of even multiplicity

Proof Let K be the center of the circle. It is clear that there exists at least one real root

x, since there is a common point P of C and E such that
−−→
PK

2
= s. If there existed a

root of odd multiplicity, then the ellipse would cross the circle at that point. But then

there would exist a point P ′ of the ellipse interior to the circle. In that case we would have
−−→
P ′K

2
< s which is a contradiction. So x (and any other real root that may exist) is a root

of even multiplicity. ¤

Proposition 2.2.4 As s grows from 0 to infinity, the first time that p(x) has real roots,

all of them are of even multiplicity. In that case, δ(C,E) = s.

Proof It is obvious that as s grows, the corresponding circle C grows and it just touches

the ellipse E before crossing it. ¤

From the above properties the following theorem obviously holds:

Theorem 2.2.5 The smallest value of s for which p(x) has roots of only even multiplicity

is equal to δ(C,E).

There are 8 cases according to the multiplicity of the real roots of p(x) that are shown

in figure 2.2.

Due to the previous theorem, we are only interested in the cases 5, 6 and 8, where p(x)

has only even multiplicity roots.

According to [16], the quantities ∆1, ∆2, T, R define the real roots of p(x). ∆1, ∆2, T, R

are s-polynomials of degrees 4, 1, 2 and 0 respectively. Moreover, R = 2β2α4v1v
2
2(α

2 −
β2)3 > 0, since α > β > 0. For the cases 5, 6 and 8 to be true, the following equation

should hold:

∆1 = 0 ∧ (T < 0 ∨ (T = 0 ∧ ∆2 ≥ 0))

The equation ∆1(s) = 0 alone covers cases 2, 4, 5, 6, 7, 8, that is for the values of s

where ∆1(s) = 0 any of these cases might be true. However, if we sort the values of s in

increasing order, cases 2, 5, 6 and 8 will be true before cases 4 and 7.

Now we just pick3 the smallest root of ∆1(s) that makes ∆2(s) ≥ 0 or T 6= 0.

3We strongly believe that case 2 never occurs on the roots of ∆1(s) and we just have to pick the smallest

root of ∆1(s). However, we’ve not come up with a proof yet.
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1. {1, 1, 1, 1} – 4 simple 2. {} – none

3. {1, 1} – 2 simple 4. {2, 1, 1} – 1 double and 2 simple

5. {2} – 1 double 6. {2, 2} – 2 double

7. {3, 1} – 1 triple and 1 simple 8. {4} – 1 quadruple

Figure 2.2: Relative position of a circle and an ellipse, according to the real roots of the

resultant
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2.2.2 The discriminant

We can derive the same conditions using the pencil and geometric arguments ([30, 36]),

which are more intuitive.

Let us express a conic as [x, y, 1]M [x, y, 1]T , for an appropriate matrix M . Then E,C

correspond to

A =





a b d

b c e

d e f



 , B(s) =





1 0 −v1

0 1 −v2

−v1 −v2 v2
1 + v2

2 − s





The pencil of E and C is λA + B, and their characteristic polynomial is

φ(s, λ) = |λA + B(s)| = J2
2λ3 + c2(s)λ

2 + c1(s)λ + s (2.5)

where

c2(s) = J2s − T (v1, v2)

c1(s) = J1s − E(v1, v2)

T (v1, v2) = J2[(v1 − xc)
2 + (v2 − yc)

2 − J1]

It is interesting that T stands for a circle centered at the center of E with squared radius

equal to J1. Note that the coefficients of φ(λ) depend on the invariants of E; its discriminant

∆(s) is of degree 4:

∆(s) = J2
2 (J2

1 − 4J2) s4 +

2J2(9J1J
2
2 − J2

1T + 6J2T − 2J3
1J2 − J1J2E) s3 +

(−18J3
2E + 4J1J2ET − 27J4

2 + J2
1T 2 − 18J1J

2
2T + J2

2E2 + 12J2
1J2

2E − 12J2T
2) s2 +

2(2T 3 − J1ET 2 − 6J1J
2
2E2 + 9J2

2ET − J2E
2T ) s +

E2(T 2 + 4J2
2E) (2.6)

The relative position of a circle and an ellipse falls into one of 9 cases ([36, 18]), shown

in fig. 2.3, where we omit the case of the circle coinciding with the ellipse. These cases are

related to the multiplicity and signs of the real roots of φ(λ), as in table 2.1, which is based

upon [36, thm.8] and [18, sec.4]. Note that φ(λ) has at least one negative root because the

product of roots equals −s < 0.

To express δ(V,E), s must be such that the circle and the ellipse are in position 6, 7,

or 8 (bold in fig. 2.3). By picking the smallest positive root of ∆(s) = 0, we assure that

φ(λ) has at least one root with multiplicity greater than one, since ∆ is the discriminant

of φ. Hence, we get positions 4, 5, 6, 7, 8 or 9; then, we must exclude positions 4, 5 and 9.

Assume that the circle centered at V grows until it touches E (and then it might continue

to grow until it fully contains E). Since V is outside E, the smallest positive root of ∆(s)

corresponds to δ(V,E), because position 6 occurs first.
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real roots of φ(λ) rel. pos. (fig. 2.3)

{−1} 2

{−1, 2} 6

{−1, 1, 1} 3

{−1,−2} 4, 5, 7, 8

{−1,−1,−1} 4, 1

{−3} 7, 9

Table 2.1: Relative position of circle and ellipse. The multiplicity and sign of the real roots

of φ is shown in braces, i.e. {−1, 2} stands for one negative and one positive double root.

Proposition 2.2.6 Given an ellipse E and a point V outside E, δ(V,E) is the square-root

of the smallest positive zero of ∆(s); the latter is a univariate polynomial of degree 4. The

degree of the coefficients of ∆(s) is 6, 8, 10, 12, and 14, in order of decreasing power in s,

in v1, v2 and the parameters of E. In case (v1, v2) is the center of another ellipse E ′ the

degree of the coefficients of ∆(s) is exactly 22 in the parameters of E,E ′.

Corollary 2.2.7 Predicate (κ1) is implemented as follows. Given ellipses E1, E2 and point

V outside both of them, we can decide which ellipse is closest to V by comparing two

algebraic numbers of degree 4. This degree is optimal.

Optimality follows from the corresponding results on the evolute, as mentioned in

the previous chapter. This is a harder predicate than with circles, where it reduces to

computing the distance of V to the centre and subtracting the radius.

Alternatively, since we want equation (2.5) to have a multiple root, with respect to λ,

the vanishing of the discriminant ∆(s) corresponds to the solution of the system
{

φ(λ, s) = 0
∂
∂λ

φ(λ, s) = 3J2
2λ2 + 2c2(s)λ + c1(s) = 0

(2.7)

However for this predicate we choose not to use this approach, since in [16] all the quanti-

ties concerning computations with quartic algebraic numbers are precomputed and clearly

faster.

Transitions of the relative position of C and E

Assume that the circle centered at V grows until it touches E and then continues to grow

until it fully contains E. Depending on whether V is inside E or not, the initial position

is 6 or 4 respectively. The transitions of the different positions are as follows4

4The bold numbers denote the cases where the circle is tangent to the ellipse. As expected, depending

on the relative position of V and the evolute, there are 2, 3 or 4 such cases.

37



1. traversal in 4 points 2. traversal in 2 points

3. separated 4. one contained in the other one

5. traversal in 2 points and tangent in other point

6. externally tangent 7. internally tangent in one point

8. internally tangent in two points 9. traversal in one point and tangent in other point

Figure 2.3: Relative position of a circle and an ellipse on the plane
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V

Figure 2.4: Predicate (κ1)

• V outside E

– V outside evolute: 3 → 6 → 2 → 7 → 4

– V on evolute: 3 → 6 → 2 → 9 → 2 → 7 → 4

– V inside evolute: 3 → 6 → 2 → 5 → 1 → 5 → 2 → 7 → 4

• V inside E

– V outside evolute or on cusp of evolute: 4 → 7 → 2 → 7 → 4

– V on evolute: 4 → 7 → 2 → 9 → 2 → 7 → 4

– V on center: 4 → 8 → 1 → 8 → 4

– V on large axis and in evolute: 4 → 8 → 1 → 5 → 2 → 7 → 4

– V on small axis and in evolute: 4 → 7 → 2 → 5 → 1 → 8 → 4

– V inside evolute: 4 → 7 → 2 → 5 → 1 → 5 → 2 → 7 → 4

39



Figure 2.5: The query ellipse has 2 common points with a bitangent

2.3 Bitangent and query ellipse

Given two ellipses, predicate κ2, decides on which side of one of their external bitangents,

lies a third ellipse (see fig. 2.5). It also decides whether it has common points with the

bitangent and, if so, how many. In what follows we assume that the ellipses are separated

(i.e. they do not share common points nor one is contained in the other one). To decide

the predicate we compute and characterize all the bitangents of the two ellipses, we pick

the external bitangent of interest and eventually we compute the relative position of the

third ellipse with respect to this bitangent.

Consider a (non-vertical) line L : y = ux + v and an ellipse E. If we substitute y in E

we get a quadratic polynomial in x which is the resultant of E,L with respect to y. For L

to be tangent to E, the discriminant Λ of the resultant should vanish:

Λ(u, v) = (e2 − cf)u2 + 2(cd − be)uv + (b2 − ac)v2 + 2(de − bf)u + 2(bd − ae)v − af + d2.

For a bitangent line, we have Λ1 = Λ2 = 0, where Λi corresponds to the i-th ellipse. The

system has ≤ 4 real roots corresponding to the 4 bitangents.

Lemma 2.3.1 Let u1, u2, u3, u4 be the slopes of the four bitangents in increasing order,

where ui ∈ R ∪ {∞}. Let µ be an internal bitangent and ε be an external one. Then

(u1, u2, u3, u4) correspond to a cyclic permutation of (µεεµ). We call this permutation P -

order.

Proof. Consider, for each bitangent, the corresponding unit vector with the same slope.

Given two ellipses, we can easily pick a coordinate system that gives the permutation

(µεεµ). Now by continuously rotating the coordinate system we get cyclic permutations of

(µεεµ), for each ui grows until it reaches +∞ and jumps to −∞. ¤

Corollary 2.3.2 In order to determine the P -order of the bitangents of two ellipses, it

suffices to determine the type of exactly two bitangents.
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The previous analysis does not take into account the vertical bitangents which corre-

sponds to roots at infinity of the system Λ1 = Λ2 = 0. A vertical bitangent is identified

by the degree of the resultant, which becomes < 4. A vertical bitangent would be x = v.

If we substitute this value of x in Eq. (1.5), we get a quadratic polynomial in y, whose

discriminant is K(v) = (b2 − ac)v2 + 2(eb − dc)v + e2 − fc. A vertical bitangent exists iff

K1(v) and K2(v) have a common root.

Lemma 2.3.3 The ordering of the roots of K1(v) and of K2(v), together with the y-

coordinates of the tangency points of the vertical tangents, yields the P -order of all bi-

tangents, both vertical and non-vertical.

Proof Let a1 < a2 and b1 < b2 be the roots of K1(v) and K2(v) respectively. Then

there exist 13 cases for the total ordering of {a1, a2, b1, b2}.

1. a1 < a2 < b1 < b2: The ellipses are separated by a vertical line (fig. 2.6). Let E1

be the ellipse on the left and E2 the ellipse on the right. Consider the two vertical

tangents of E1. We start rotating them clockwise around E1, keeping them parallel

to each other. Then they become tangent to E2 in increasing order of their slopes.

First, we get one internal bitangent µ, then two external ones ε, and finally one

internal one. Thus the P -order is (µεεµ) and is unique.

2. b1 < b2 < a1 < a2: Symmetric to the previous case.

3. a1 < a2 = b1 < b2: In this case there is vertical bitangent. Thus the first term in

the P -order is µ. Let ay
i , b

y
i be the y-coordinates of the tangency points of ai and bi

respectively. If ay
2 > by

1, then (by using the rotation argument as above) the P -order

is ((µ)εεµ). If ay
2 < by

1 then the P -order is ((µ)µεε).

4. b1 < b2 = a1 < a2: Symmetric to the previous case.

5. a1 < b1 < a2 < b2: If ay
2 > by

1 then the P -order is (εεµµ), otherwise it is (µµεε). The

proof is analogous.

6. b1 < a1 < b2 < a2: Symmetric to the previous case.

7. a1 < b1 < a2 = b2: The P -order is ((ε)εµµ) if ay
1 > by

2, otherwise it is ((ε)µµε).

8. b1 < a1 < b2 = a2: Symmetric to the previous case.

9. a1 < b1 < b2 < a1: The P -order is (εµµε).

10. b1 < a1 < a2 < b2: Symmetric to the previous case.

11. a1 = b1 < a2 < b2: If ay
1 > by

1 then the P -order is ((ε)εµµ), otherwise it is ((ε)µµε).
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case 1, 2 case 3, 4 5, 6 7, 8

case 9, 10 11, 12 13

Figure 2.6: Cases of the proof of lemma 2.3.3.

sign of Λ0(ū, v̄) query ellipse

− on either side of the bitangent

0 tangent to the bitangent

+ crosses the bitangent

Table 2.2: Relative position of query ellipse and bitangent

12. a1 = b1 < b2 < a2: Symmetric to the previous case.

13. a1 = b1 < a2 = b2: In this case there are two external vertical bitangents and two

internal ones. Thus the P -order is ((ε)µµ(ε)).

¤

Given an external bitangent L̄ : y = ūx + v̄, we can determine the relative position of

a third ellipse E3 wrt this line by computing the discriminant of L̄ and E3, Λ3(ū, v̄). Λ3

is negative, zero, or positive iff E3 has 0, 1 or 2 common points with L̄ respectively (table

2.2). In the first 2 cases, the sign of L̄(x, y) evaluated at the center of E3 specifies on which

side of L̄ lies E3.

Corollary 2.3.4 κ2 is implemented by, at most, the following operations:

i) solving a system of 2 bivariate polynomials (computation of bitangents),

ii) solving 2 quadratic polynomials and at most 3 comparisons between quadratic alge-

braic numbers (computation of P -order),
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iii) evaluating 1 linear bivariate polynomial (choosing appropriate external bitangent),

and

iv) evaluating 1 quadratic bivariate polynomial (computation of relative position of bi-

tangent and ellipse).

All polynomials have quadratic coefficients in the input parameters.

43



Chapter 3

External tritangent Voronoi circle

Given 3 ellipses in the form of equation (1.5) we want to find an external tritangent circle,

as shown in fig. 3.2. Eventually, we are interested in deciding on the relative position of a

fourth ellipse and the circle. An important open question is: what is the maximum number

of real tritangent circles to 3 ellipses? Given the discussion in section 1.1, we expect that

there are at least 43 = 64 such circles. In the case of 3 disks, the number of tritangent

circles is 8 and the corresponding predicate is of algebraic degree 2 [15].

3.1 The discriminant system

Let
√

s be the radius of the tritangent circle and (v1, v2) its center. Using the discriminant,

as in equation (2.6), for each of the 3 ellipses, we get

∆1(v1, v2, s) = 0

∆2(v1, v2, s) = 0 (3.1)

∆3(v1, v2, s) = 0

Among the solutions of this system, the external tritangent circle of interest may or

may not have the smallest radius; cf. the respective cases in the two figures 3.2.

Proposition 3.1.1 A solution (v̄1, v̄2, s̄) of system (3.1) corresponds to an external tri-

tangent circle iff s̄ is the smallest positive root of all ∆i(v̄1, v̄2, s), i = 1, 2, 3.

If s−0 , s+
0 are the smallest and largest positive roots of ∆0(v̄1, v̄2, s), then:

• s̄ ≤ s−0 ⇐⇒ the query ellipse is outside the tritangent circle; tangent iff s̄ = s−0

• s̄ ∈ (s−0 , s+
0 ) ⇐⇒ the query ellipse crosses the tritangent circle

• s̄ ≥ s+
0 ⇐⇒ the query ellipse is inside the tritangent circle; tangent iff s̄ = s+

0
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V

Figure 3.1: A circle externally tangent to three ellipses and a query ellipse that crosses it.

V

Figure 3.2: Tritangent circles to 3 ellipses; only one is externally tangent
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We apply sparse (or toric) elimination theory, using the properties of the resultant and

the mixed volume. Given a system of n + 1 polynomials fi in n variables, with coefficients

cij, the resultant of these polynomials is a new polynomial R ∈ Z[cij] such that when cij

are specialized, R = 0 ⇐⇒ ∃a : ∀i fi(a) = 0. If the roots a lie in a projective (resp.

toric) variety, then we refer to the projective (resp. toric) resultant. Given n polynomials

in n variables, the mixed volume of this polynomial system is a function of the support

(Newton polytope) of each polynomial. The mixed volume provides an upper bound on

the roots of the system in (C∗)n. For more information see [11].

Each ∆i is of total degree 8 in v1, v2, s and 4 in s; the coefficient of si, 0 ≤ i ≤ 4 is a

completely dense polynomial in v1, v2, of degree 8 − 2i. The mixed volume is 256, which

is too high for practical computation. It is known that this bound may not be tight, as it

may count complex roots and roots at “infinity”.

Recent advances in matrix formulae for the resultant allow us to compute the resultant

of certain systems of 3 bivariate polynomials as a single determinant. One class of such

systems are those with identical supports [26]; see also [11]. The corresponding matrix

is of hybrid type, i.e., it contains blocks of Sylvester and of Bézout type. The matrix

construction has been implemented in Maple by A. Khetan. Our system (3.1) falls in this

class, considered with variables v1, v2, after hiding s in the field of coefficients. Its resultant

shall be a polynomial in s and equals, generically, the determinant of a 108 × 108 matrix.

We denote this matrix by K. The elements of this matrix are either 0 or polynomials in s

of degree 0–10.

We have studied a specific example of three ellipses, in random position as in the left-

hand side figure 3.2. The parameters are signed 10-bit integers. The first obstacle is that

the assumption of genericity does no longer hold when we specialize the coefficients of

system (3.1). In particular, the matrix determinant is the zero polynomial in s. To avoid

this degeneracy, it is possible to perturb the original polynomials by adding to each one

a random polynomial in v1, v2, of the same support, multiplied by a positive infinitesimal

variable t [12]. The corresponding perturbed determinant becomes:

d8(s)t
8 + d9(s)t

9 + . . .

How do we find the exponent of the smallest nonzero term, denoted dk(s)t
k (here k = 8) ?

It is computed probabilistically by taking random integer values of t = τ and finding the

value of the determinant mod τ i. When this value vanishes, k ≤ i; otherwise, k > i. In

practice, we also specialized s to random values.

Now, it suffices to study d8(s), which is the most significant coefficient since t → 0+.

This coefficient is known as a projection operator and offers a generalization of the resultant,

in the sense that every common root of the original system projects to some root of d8(s)

[12]. In order to understand the complexity of d8(s), we computed its values for specific
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integers s = σ. Let D(σ, τ) be the determinant for specific values of s, t. We have

[D(σ, τ)/τ 8] mod τ ≡ d8(σ) mod τ.

It is possible to use several values of τ , then the Chinese remainder theorem (CRT) in order

to interpolate d8(σ). The knowledge of d8(σ) for sufficiently many σ shall yield d8(s).

Application of CRT is a way to compute different values of d8(s). Given these values,

one could use some method based on interpolation in order to determine the degree of

d8(s) and finally solve it.

It is interesting to see that the above methods failed in practice with our specific

example. The involved computations made the involved quantities grow too fast. d8(0)

was found to have more than 10000 digits, so we abandoned this approach.

3.2 The bisector of two ellipses

We may alternatively consider system ∆1, ∆2 in v1, v2, with mixed volume = 64. We

eliminate s by computing the system’s (Sylvester) resultant, and get a completely dense

polynomial B(v1, v2) as the bisector of the two ellipses, of total degree 28.

Given three ellipses E1, E2, E3, the intersection points of their bisectors define the centre

of an Apollonius circle. Let Bij be the bisector of Ei and Ej. Then system B12 = B13 = 0

provides an alternative formulation to the problem. It involves two bivariate polynomials

of degree 28. However, our experiments indicate that the corresponding curve (real part)

has a much lower degree.

3.3 The cartesian system

In chapter 2 we considered system (2.1) with the additional equation expressing distance

and remarked that its resultant is precisely ∆(v1, v2, s). It has degree 8, even for fixed s,

which agrees with the degree of the offset curve at distance s [5, 3]. Now, ∆(v1, v2, s) = 0

is irreducible, although the offset curve has two components in the real plane. Therefore,

∆(v1, v2, s) is, in a sense, the best we can do.

Let us forget the discriminants and consider system (2.1). It leads to a better upper

bound on the number of tritangent circles. Take system

Ei(xi, yi) = det[∇Ei(xi, yi), (xi, yi) − V ] = 0,

‖(x1, y1) − V ‖2 = ‖(x2, y2) − V ‖2 = ‖(x3, y3) − V ‖2

where i = 1, 2, 3. Its Bézout bound is 256, as the previous system, but the mixed volume,

with respect to unknowns (xi, yi), i = 1, 2, 3, v1, v2, is 192. An alternative formulation is to
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consider first the distance equations subsystem. This subsystem is linear with respect to

the coordinates of V (v1, v2). Solving this linear system for v1, v2 and substituting, yields

a 6 × 6 system with Bézout bound 512 and mixed volume 416. These bounds are higher

than the best-so-far 256 and 192 respectively.

3.4 Semi-algebraic conditions

In order to reduce the algebraic complexity of the problem, one may consider semi-algebraic

conditions. These conditions come handy in selecting the appropriate roots given a (nu-

meric) solution of the system, since we are only interested in the externally tangent Apollo-

nius circle. Moreover, they could make a subdivision-based (full-precision) algorithm more

efficient. General conditions are presented in [18], however our conditions are based on

Descartes’ rule ([16]) and are simpler.

Proposition 3.4.1 (Descartes) The number of sign variations in the coefficients of a

univariate polynomial exceeds the number of positive real roots by an even quantity, possibly

0.

Corollary 3.4.2 For a polynomial of degree d, the number of sign variations in its coef-

ficient sequence gives precisely the number of positive roots, assuming no root equals zero

and there are d real roots.

Now apply this corollary to the characteristic polynomial φ(λ). Its sign sequence is

(+, sgn(c2), sgn(c1), +), where the constant coefficient is s > 0. The sequence of φ(−λ)

is (−, sgn(c2),−sgn(c1), +). For the (parametric) circle to be external to the ellipse, φ(λ)

must have a double positive root and one negative root (table 2.1).

Proposition 3.4.3 The (parametric) circle is externally tangent to the ellipse, iff the

coefficients of φ(λ) satisfy ∆ = 0 and one of the following: either c2 ≥ 0 and c1 < 0, or

c2 < 0.

Proof. [⇐=] ∆ = 0 ensures a multiple root, and 2 sign variations ensure a double root.

[=⇒] External tangency enforces existence of one negative root and one positive double

root. Now, ∆ = 0 since there is at least one multiple root, hence all 3 roots of φ are real;

thus, cor. 3.4.2 applies. The case we wish to describe corresponds to 2 sign changes for

φ(λ) and one for φ(−λ). There are two cases for c2. If c2 ≥ 0, then the sign sequences of

φ(λ), φ(−λ) become

(+,≥ 0, sgn(c1), +) and (−,≥ 0,−sgn(c1), +),
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V

s

J1C

Figure 3.3: The geometric meaning of c2 < 0

so we must have c1 < 0. If sgn(c2) < 0, then the sequences are

(+,−, sgn(c1), +) and (−,−,−sgn(c1), +),

so anything goes for sgn(c1). ¤

Now c2 < 0 ⇔ (v1 − xc)
2 + (v2 − yc)

2 > J1 + s which means that (v1, v2) lies outside

the circle T (x, y), cf. fig. 3.3. On the other hand, c1 < 0 ⇔ E(v1, v2) − J1s > 0. For fixed

s, this means V is outside the ellipse E = J1s, which has the same foci as E but different

axes. The complementary condition c2 ≥ 0 is equivalent to (v1, v2) lying inside or on the

circle T (x, y).

3.5 Geometric constraints

In this section we provide geometric constraints that allow us to derive bounds for the

center of the tritangent circle as well as its radius.

Lemma 3.5.1 An external bitangent circle of two smooth convex objects (eg. ellipses),

touches each one at a point which lies inside their convex hull.

Proof. Since each object is smooth, a normal line can be drawn at every point on its

boundary. At the points of tangency (A and B resp.), two oriented normal lines (rays),

towards the external region, a and b resp., should meet at the center of the external

bitangent circle (V ). Since the object is convex, the slope of the normal line increases

monotonically as we move clockwise around the object. The same holds for the convex

hull (CH) of the objects as well. Therefore, two normals on the CH, do not have an

intersection point outside CH. So, at least one of A and B should lie inside CH. Let A lie

inside the convex hull and B lie not inside it (i.e. on the boundary). If the normal rays

intersect, then V lies outside CH, since ray b does not have any common points with CH
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Figure 3.4: The C-region of three ellipses.

(except A). Now, consider the tangent line b′ at B, which is perpendicular to b and lies

outside CH. Then
−→
V A intersects b′, therefore |−−→V B| < |−→V A|. This means that V cannot be

the center of the bitangent circle. Thus, both A and B should lie inside CH. ¤

Corollary 3.5.2 Given n disjoint smooth convex objects, their external Apollonius circle

(tangent to all of them), if exists, touches each one at a point which lies inside the inter-

section of the convex hulls of every pair of them. The center of the Apollonius circle lies

inside the intersection of the corresponding regions defined by the normals at the external

bitangents of every pair of objects (cf. fig 3.4). We call this intersection C-region.

Corollary 3.5.3 Given 3 ellipses, where none of them is fully contained in the convex

hull of the other two, the C-region is a single bounded region, otherwise it consists of two

bounded regions.

Proposition 3.5.4 Consider two ellipses E1, E2 and a point V outside of both. Let δ1, δ2

be the distances between V and each one of the ellipses. Assume δ1 < δ2. Then the center

of an external bitangent circle does not lie in the circle C(V, δ2−δ1
2

).

Proof. Consider a circle centered at V with radius r. Let V ′ be a point inside this circle.

Now it is δ1 − r ≤ δ(V ′, E1) ≤ δ1 + r and δ2 − r ≤ δ(V ′, E2) ≤ δ2 + r. Since δ1 ≤ δ2, we get

δ1 + r ≤ δ2 − r or equivalently r ≤ δ2−δ1
2

. ¤
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3.6 The optimal discriminant system

It is possible to reduce the mixed volume of the discriminant system, in order to obtain a

better upper bound. We set

q := v2
1 + v2

2 − s (3.2)

In this case, the matrix B defined previously, contains only linear terms with respect to

v1, v2, q. The discriminant of the characteristic polynomial is of total degree 6 in v1, v2, q

and 4 in q; the coefficients of 1, q, q2, q3, q4 are polynomials in v1, v2 of degree 6,5,4,2,1

respectively. The corresponding system has mixed volume 184. Note that solving for

v1, v2, s requires the use of equation (3.2). The mixed volume of the system of ∆i with this

additional equation, with respect to v1, v2, s, q, is still 184.

To get an idea of the quantities involved, we have studied a specific example of three

ellipses, in random position as in the left-hand side figure 3.2. The input parameters are

signed 10-bit integers. The elements of K are either 0 or polynomials in q of degree 0–10.

The computation of the determinant of K is done by interpolation. The determinant of K

is a polynomial in q, which we denote by d(q). By substituting different values of q into K

we eliminate all indeterminates making the computation of the determinant a trivial task.

By making 200 such replacements (in fact, 185 suffice) we obtain 200 pairs of 〈q, d(q)〉. It

turns out that there is a unique interpolating polynomial of degree 184 in q through these

values which is exactly the resultant of our example. Hence, in this example the number

of complex solutions matches the upper bound given by the mixed volume.

The coefficients of this resultant are, on average, 1385-digit (4603-bit) integers. We ’ve

not yet managed to solve this resultant efficiently and exactly. However, as a preliminary

approach we have applied the Aberth method (implemented in [8]) to solve the polynomial

numerically. This algorithm yielded 8 real roots in less than a second.

3.7 The upper bound

According to [33], there are 184 complex circles in the worst case that are tangent to 3

given conics in the plane. The idea is to consider a manifold (space of complete conics)

whose cohomology ring ([20]) has two generators:

p := a conic contains a fixed, but general point

l := a conic is tangent to a fixed, but general line

In this ring, conjunction of conditions is multiplication, and every degree-5 monomial is

associated to an integer:
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p5 7→ 1 (there is a unique conic through 5 points)

p4l 7→ 2 (there are 2 conics through 4 points and tangent to a line)

p3l2 7→ 4

p2l3 7→ 4

pl4 7→ 2

l5 7→ 1

The condition of tangency to a conic is 2(p + l) and a circle contains the two circulars

points at infinity (x1 : x2 : x0) = (i : ±1 : 0). Now it suffices to evaluate the expression

p2[2(p + l)]3:

p2[2(p + l)]3 = 8[p5 + 3p4l + 3p3l2 + p2l3] = 8 ∗ 23

Thus p2[2(p + l)]3 7→ 184 which means that there are at most 184 complex circles tangent

to 3 conics in the plane. An open question is how many of these circles can be real.

3.8 Solving the system

Let us now consider a system equivalent to (3.1) in terms of the mixed volume. Each

∆i(v1, v2, q) is the discriminant of φi(λ, v1, v2, q). Following the construction of the system

in equation (2.7) we get the 6 × 6 system:

φi(λi, v1, v2, q) = 0

∂

∂λi

φi(λi, v1, v2, q) = 0 (3.3)

where i = 1, 2, 3. This system has substantially smaller coefficients than (3.1) and contains

three equations of total degree 3 and three equations of total degree 2. We solved the sys-

tem numerically with PHCpack [34], which exploits sparseness, and implements homotopy

continuation methods to compute numerically approximations to all isolated solutions of

a system of n polynomial equations in n unknowns.

Additionally we chose the scaling parameters of PHCpack, in order to avoid ill-conditioned

systems without losing any real solutions. Timings are reported in the next chapter.
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Chapter 4

Implementation

We have implemented predicates κ1 and κ2 using synaps [14], a C++ algebraic library for

symbolic-numeric computations. synaps provides efficient implementation based on the

algorithms of [16] for computation of algebraic numbers of small degree, solution of bivariate

polynomial systems and computation of the sign of a bivariate polynomial evaluated over

two real algebraic numbers. We used extended integer arithmetic gmp
1. We also performed

tests with the filtered number type Lazy exact nt2, but we do not present the results here

because they were sufficiently slower, since the bit size of the various quantities is very big

and the filter failed almost always. This gives us an indication that geometric filters must

be used in order to further accelerate the computations.

As for the numerical solution of system corresponding to the third predicate we used

PHCpack based on its black-box mode, except a scaling in the coefficients.

For each test we randomly generated 1000 instances (point and 2 ellipses, or 3 ellipses),

with the coefficients uniformly distributed between 0 and 2B, B ∈ {10, 30, 100, 300}. The

tests ran on a P4 2.6GHz-CPU with 1GB of RAM, running Debian Linux with a 2.6.10 ker-

nel. Table 4.1 summarizes average timings; for κ1 and κ2 runtimes grow sub-quadratically

in B. Note that for predicate κ2 half of the time spent for the solution of the bivariate

system and the other half spent for the computation of the the relative position of the

third ellipse. Compared to [19], κ2 is more powerful. While they compute (χ1) in 6ms

total time, κ2 in the same time provides more information.

For predicate κ3, the timings refer to the solution of the corresponding system. They

are almost independent of the bit size, since we scaled the coefficients in order to fit machine

accuracy. Currently, we are not able to estimate neither numerical accuracy nor the actual

number of real solutions. In [3] the system proposed for κ3 has suboptimal mixed volume,

hence large complexity. Though they also calculate approximate numerical solutions, their

matrix methods seem slower than ours.

1www.swox.com/gmp/
2www.cgal.org
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B predicate κ1 [ms] predicate κ2 [ms] predicate κ3 [sec]

10 0.45 6.15 23.85

30 0.94 16.46 34.52

100 3.68 73.21 38.36

300 17.3 396.82 38.44

Table 4.1: Average timings of our implementation

4.1 Source code

/∗
Nat iona l Un i v e r s i t y o f Athens
Department o f In fo rmat i c s and Telecommunications

Implementation o f the f o l l ow i n g a l g e b r a i c p r e d i c a t e s
us ing the SYNAPS l i b r a r y :

0 ) Find a r a t i o n a l po in t i n s i d e an d e l l i p s e

1) Given a po in t and two e l l i p s e s , f i nd out which e l l i p s e i s c l o s e s t
to the po in t .

2 ) Given th r ee e l l i p s e s and an e x t e rna l b i t ang en t o f the f i s t two ,
dec ide the r e l a t i v e p o s i t i o n o f the t h i r d one wi th r e s p e c t to the
b i t ang en t .

( c ) 2004−2005 George M. Tzoumas

THIS SOURCE CODE IS PROVIDED WITHOUT ANY WARRANTY.
YOU ARE FREE TO USE THIS CODE, BUT PROPER CREDITS MUST BE GIVEN.

∗/

#include ” synaps /upol .H”
#include ” synaps / l i n a l g .H”
#include ” synaps / r e s u l t a n t .H”
#include ” synaps /arithm/ r o o t o f .H”
//#inc l ude ” synaps/arithm/ZZ .H”
#include ” synaps / u t i l /Rand .H”
#include <vector>

#include<s t d l i b . h>
#include<time . h>

using namespace SYNAPS;

typedef ZZ RT;
typedef UPolDse<RT> Poly ;
typedef ALGEBRAIC : : MPoly 2 2<RT> BPoly ;
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typedef ALGEBRAIC : : r oo t o f <RT> Rootof ;
typedef std : : pa ir < Rootof , Rootof > RootofPair ;

Rand<RT> ∗Rnd = NULL;

using std : : endl ;
using std : : cout ;
using std : : c in ;
using std : : c e r r ;

void Randomize ( int b i t s )
{

RT b = (RT(1) << b i t s ) − 1 ;
i f (Rnd != NULL) delete Rnd ;
Rnd = new Rand<RT>(−b , b ) ;

}

class TTimer {
private :

c l o c k t t0 ;
c l o c k t t o t c l o c k s ;
int nops ;
char ∗name ;

public :
TTimer (char ∗ aname ) : name(aname ) , nops ( 0 ) , t o t c l o c k s ( 0 ) { }

void Star t ( ) {
t0 = c lo ck ( ) ;

}

void Stop ( ) {
t o t c l o c k s += c lock () − t0 ;
nops++;

}

void Stat s ( ) {
double s ec = t o t c l o c k s ∗1 .0/CLOCKS PER SEC;
c e r r << name << ” : ” << s ec <<” sec , ” << nops << ” ops , ” <<

s ec ∗1000/ nops << ” ms/op” << endl ;
}

} ;

TTimer t pc ( ”precompute” ) , t bex t ( ” f i nd ext ” ) , t s o l ( ” s o l v e ” ) ,
t b spec ( ” f i nd spec ” ) , t r e l p ( ” r e l p o s ” ) ;

class TPoint {
public :

RT x , y ;

TPoint ( ) { } ;
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TPoint (RT x , RT y ) : x ( x ) , y ( y ) { } ;
void PickRandom ( ) {

x = (∗Rnd ) ( ) ;
y = (∗Rnd ) ( ) ;

}
} ;

class TEl l ip s e {
private :

RT E , J1 , J2 , R;
Poly p ;
int recompute ;

void compute po ly coe f f ( ) ;
void compute vars (RT& v1 , RT& v2 ) ;

public :
RT a , b , c , d , e , f ;
TPoint ∗V;

TEl l ip s e ( ) { p . r e s i z e ( 5 ) ; }
TEl l ip s e (RT a , RT b , RT c , RT d , RT e , RT f ) :

a ( a ) , b ( b ) , c ( c ) , d ( d ) , e ( e ) , f ( f ) , V(NULL) { p . r e s i z e ( 5 ) ; } ;
void SetPoint ( TPoint ∗V ) ;
void PickRandom ( ) ;
RT EvalV ( ) { return E; }
Rootof DistV ( ) ;

} ;

class TBitangent {
private :

Poly d1 , d2 ; // degenera te ;
BPoly l inep1 , l inep2 , q l i n ep ; /∗ l i n e bpo l y s ∗/
RT cache J2 , cache X , cache Y ;

void comput e d i s c c o e f f ( TEl l ip s e& e , BPoly& p0 ) {
RT c [ 6 ] ;
c [ 0 ] = e . d∗e . d − e . a∗e . f ;
c [ 1 ] = 2 ∗ ( e . b∗e . d − e . a∗e . e ) ;
c [ 2 ] = 2 ∗ ( e . d∗e . e − e . b∗e . f ) ;
c [ 3 ] = 2 ∗ ( e . c∗e . d − e . b∗e . e ) ;
c [ 4 ] = e . b∗e . b − e . a∗e . c ;
c [ 5 ] = e . e∗e . e − e . c∗e . f ;
BPoly p( c ) ;
p0 = p ;

}

void comput e d i s c c o e f f ( TEl l ip s e& e , Poly& p ) { // degenera te
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p . r e s i z e ( 3 ) ;
p [ 0 ] = e . e∗e . e − e . c∗e . f ;
p [ 1 ] = 2 ∗ ( e . e∗e . b − e . c∗e . d ) ;
p [ 2 ] = e . b∗e . b − e . a∗e . c ;

}

void compute l ine po ly (BPoly& disc , BPoly& l i n ep ) {
RT c [ 6 ] ;
c [ 0 ] = d i s c [ 1 ] ;
c [ 1 ] = 2∗ d i s c [ 4 ] ;
c [ 2 ] = d i s c [ 3 ] ;
c [ 3 ] = 0 ; c [ 4 ] = 0 ; c [ 5 ] = 0 ;
BPoly p( c ) ;
l i n ep = p ;

}

void compute q l ine po ly (BPoly& l i n ep ) {
RT c [ 6 ] ;
c [ 0 ] = cache Y ;
c [ 1 ] = cache J2 ;
c [2] = − cache X ;
c [ 3 ] = 0 ; c [ 4 ] = 0 ; c [ 5 ] = 0 ;
BPoly p( c ) ;
l i n ep = p ;

}

int e v a l l i n e c e n t (BPoly& l inep , Rootof& u , Rootof& v ) {
int s = s i gn ( s i g n a t ( l inep , u , v ) ) ;

// cerr << ” s i gn = ” << s << ”:” << u << ”:” << v << end l ;
return s ;

}

int e v a l l i n e c e n t ( Poly& disc , Rootof& v ) { // degenera te
Poly p ( 2 , AsSize ( ) ) ;
p [ 0 ] = d i s c [ 1 ] ;
p [ 1 ] = 2∗ d i s c [ 2 ] ;
return s i gn ( s i g n a t (p , v ) ) ;

}

int e v a l l i n e q e l l ( Rootof& u , Rootof& v ) {
return s i gn ( s i g n a t ( q l inep , u , v ) ) ;

}

int e v a l l i n e e l l ( Rootof& v ) {
Poly p ( 2 , AsSize ( ) ) ;
p [ 0 ] = cache X ;
p [ 1 ] = cache J2 ;
return s i gn ( s i g n a t (p , v ) ) ;

}
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int i s e x t e r n a l (BPoly& l inep1 , BPoly& l inep2 ,
Rootof& u , Rootof& v , int& s i g n e l l ) {

int s = e v a l l i n e c e n t ( l inep1 , u , v ) ;
i f ( s == e v a l l i n e c e n t ( l inep2 , u , v ) ) {

s i g n e l l = s ;
return 1 ;

} else return 0 ;
}

#define SEARCH FOR ONE( f ) \
int qs ign = e v a l l i n e q e l l ( s o l [ f ] . f i r s t , s o l [ f ] . second ) ; \
i f ( s i gn1 ∗ qs ign == signprod ) { \

u = s o l [ f ] . f i r s t ; v = s o l [ f ] . second ; \
found = true ; \

} \

#define PICK ONE( f ) \
u = s o l [ f ] . f i r s t ; v = s o l [ f ] . second ; \
found = true

public :
int s ignprod ;
Rootof u , v ;
int degenerate ; /∗ when zero means t ha t we are not l o o k in g f o r a

degenera te roo t ;
when non−zero i t i s equa l to the # of degenera te
roo t s t ha t e x i s t ( we s h a l l choose one o f them ) ∗/

BPoly p1 , p2 ; /∗ d i s c r iminan t s ∗/
bool found ;
int n s o l s ; /∗ number o f s o l u t i o n s ∗/

TBitangent ( int as ignprod ) : s ignprod ( as ignprod ) , found ( fa l se ) {
}

// re turn the number o f b i t an g en t s (2−4) , used f o r random data genera t ion
int BCount ( TEl l ip s e& e1 , TEl l ip s e& e2 ) {

comput e d i s c c o e f f ( e1 , p1 ) ;
c omput e d i s c c o e f f ( e2 , p2 ) ;
Seq<RootofPair > s o l = Solve (p1 , p2 , ALG STURM<RT> ( ) ) ;
return s o l . s i z e ( ) ;

}

void Compute ( TEl l ip s e& e1 , TEl l ip s e& e2 , TEl l ip s e& e3 ) {

t pc . S ta r t ( ) ;
// t b e x t . S t a r t ( ) ;

t b spec . S ta r t ( ) ;
t s o l . S ta r t ( ) ;
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cache J2 = e3 . b∗ e3 . b − e3 . a∗ e3 . c ;
cache X = e3 . e∗ e3 . b − e3 . c∗ e3 . d ;
cache Y = e3 . b∗ e3 . d − e3 . a∗ e3 . e ;
c omput e d i s c c o e f f ( e1 , p1 ) ;
c omput e d i s c c o e f f ( e2 , p2 ) ;
compute l ine po ly (p1 , l i n ep1 ) ;
compute l ine po ly (p2 , l i n ep2 ) ;
compute q l ine po ly ( q l i n ep ) ;
t pc . Stop ( ) ;

degenerate = 0 ;
found = fa l se ;
int s i gn1 = 0 , s i gn2 = 0 ;
Seq<RootofPair > s o l = Solve (p1 , p2 , ALG STURM<RT> ( ) ) ;
t s o l . Stop ( ) ;
n s o l s = s o l . s i z e ( ) ;

/∗ c l a s s i f y e x t e r na l / i n t e r n a l b i t an g en t s ; t h e r e are 4 cases :
0 . i−i−e−e
1 . i−e−e−i
2 . e−i−i−e
3 . e−e−i−i ∗/

int bcase1 = i s e x t e r n a l ( l inep1 , l inep2 ,
s o l [ 0 ] . f i r s t , s o l [ 0 ] . second , s i gn1 ) ;

/∗ i n t bcase2 = i s e x t e r n a l ( l inep1 , l inep2 ,
s o l [ 1 ] . f i r s t , s o l [ 1 ] . second , s i gn2 ) ; ∗/

// t b e x t . Stop ( ) ;

i f ( bcase1 ) { // high b i t
// 2 or 3
// e va l cen te r on candida te b i t ang en t to p i c k appropr ia t e roo t s
SEARCH FOR ONE( 0 ) ;
i f ( ! found ) {

int bcase2 = i s e x t e r n a l ( l inep1 , l inep2 ,
s o l [ 1 ] . f i r s t , s o l [ 1 ] . second , s i gn2 ) ;

i f ( bcase2 == 0) { // 2
i f ( n s o l s == 4) {

PICK ONE( 3 ) ;
}

} else { // 3
PICK ONE( 1 ) ;

}
}

} else {
// 0 or 1
SEARCH FOR ONE( 1 ) ;
i f ( ! found ) {

int bcase2 = i s e x t e r n a l ( l inep1 , l inep2 ,
s o l [ 1 ] . f i r s t , s o l [ 1 ] . second , s i gn2 ) ;

i f ( bcase2 == 0) { // 0
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SEARCH FOR ONE( 2 ) ;
i f ( ! found && nso l s == 4) {

PICK ONE( 3 ) ;
}

} else i f ( n s o l s >= 3) {
PICK ONE( 2 ) ;

}
}

}
t b spec . Stop ( ) ;

i f ( ! found ) degenerate = 4 − n s o l s ;
i f ( degenerate > 0) { // v e r t i c a l b i t ang en t

comput e d i s c c o e f f ( e1 , d1 ) ;
c omput e d i s c c o e f f ( e2 , d2 ) ;
Seq<Rootof > r s = Solve (d1 , ALG STURM<RT> ( ) ) ;
Seq<Rootof > qs = Solve (d2 , ALG STURM<RT> ( ) ) ;
int s00 = compare ( r s [ 0 ] , qs [ 0 ] ) ;
i f ( s00 == 0) {

i f ( degenerate == 1) {
v = r s [ 0 ] ;
found = true ;

} else {
int qs ign = e v a l l i n e e l l ( r s [ 0 ] ) ;

// cerr << ” qs i gn = ” << q s i gn << end l ;
int s i gn1 = e v a l l i n e c e n t (d1 , r s [ 0 ] ) ;
i f ( s i gn1 ∗ qs ign == signprod &&

e v a l l i n e c e n t (d2 , qs [0 ] ) == s ign1 ) {
v = r s [ 0 ] ;
found = true ;

} else {
v = r s [ 1 ] ;
found = true ;

}
}

} else i f ( s00 == −1) {
i f ( compare ( r s [ 1 ] , qs [0 ] ) > 0 && compare ( r s [ 1 ] , qs [ 1 ] ) == 0) {

v = r s [ 1 ] ;
found = true ;

}
} else {

i f ( compare ( r s [ 0 ] , qs [1 ] ) > 0 && compare ( r s [ 1 ] , qs [ 1 ] ) == 0) {
v = r s [ 1 ] ;
found = true ; // merge wi th above

}
}

} ;
// a s s e r t ( found ) ;

} ;

int RelPos ( TEl l ip s e& e ) {
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i f ( degenerate == 0) {
RT c [ 6 ] ;
c [ 0 ] = e . a∗e . e − e . b∗e . d ;
c [ 1 ] = e . a∗e . c − e . b∗e . b ;
c [ 2 ] = e . b∗e . e − e . d∗e . c ;
c [ 3 ] = 0 ; c [ 4 ] = 0 ; c [ 5 ] = 0 ;
BPoly p( c ) ;
return s i gn ( s i g n a t (p , u , v ) ) ;

} else {
Poly p ( 2 , AsSize ( ) ) ;
p [ 0 ] = e . b∗e . e − e . d∗e . c ;
p [ 1 ] = e . b∗e . b − e . a∗e . c ;
return s i gn ( s i g n a t (p , v ) ) ;

}
}

} ;

void TEl l ip s e : : SetPoint ( TPoint ∗V )
{

V = V ;
compute vars (V−>x , V−>y ) ;
compute po ly coe f f ( ) ;

}

void TEl l ip s e : : compute vars (RT& v1 , RT& v2 )
{

RT t20 = 2 ∗ v1 ;
RT t19 = 2 ∗ v2 ;
J1 = a + c ;
J2 = a ∗ c − b ∗ b ; /∗ recomputed f o r t imekeep ing purposes ∗/
RT t3 = v1 ∗ v1 ;
RT t8 = v2 ∗ v2 ;
E = a ∗ t3 + f + c ∗ t8 + e ∗ t19 + (d + b ∗ v2 ) ∗ t20 ;
R = J2 ∗ ( t3 + t8 ) + ( a ∗ e − b ∗ d ) ∗ t19 + ( c ∗ d − b ∗ e ) ∗ t20 +

J1 ∗ f − d ∗ d − e ∗ e ;
}

void TEl l ip s e : : compute po ly coe f f ( )
{

RT t2 = J2 ∗ J2 ;
RT t6 = t2 ∗ E;
RT t4 = J2 ∗ E ∗ J1 ;
RT t1 = E ∗ E;
RT t3 = t6 ;
RT t5 = R ∗ R;
p [ 0 ] = t1 ∗ ( 4 ∗ t3 + t5 ) ;
RT t14 = t1 ∗ t2 ;
p [ 1 ] = 2 ∗ ( −6 ∗ t14 − t5 ∗ E) ∗ J1 +

2 ∗ ( 2 ∗ t5 + 9 ∗ t3 − t1 ∗ J2 ) ∗ R;
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RT t27 = J1 ∗ J1 ;
RT t34 = t2 ∗ J1 ;
p [ 2 ] = t14 − 27 ∗ t2 ∗ t2 + (−18 ∗ t6 − 12 ∗ t5 ) ∗ J2 +

( 4 ∗ t4 − 18 ∗ t34 ) ∗ R + (12 ∗ t3 + t5 ) ∗ t27 ;
p [3 ] = −2 ∗ J2 ∗ ( −9 ∗ t34 + t4 − 6 ∗ J2 ∗ R +

(2 ∗ J2 ∗ J1 + R) ∗ t27 ) ;
p [4] = − t2 ∗ (− t27 + 4 ∗ J2 ) ;

}

void TEl l ip s e : : PickRandom ( )
{

RT J3 ;

while ( 1 ) {
a = (∗Rnd ) ( ) ; b = (∗Rnd ) ( ) ; c = (∗Rnd ) ( ) ;
d = (∗Rnd ) ( ) ; e = (∗Rnd ) ( ) ; f = (∗Rnd ) ( ) ;
J2 = a ∗ c − b ∗ b ;
i f ( J2 <= 0) {

/∗ cerr << ”bad : j2 <= 0”<<end l ; ∗/
continue ;

}
J3 = 2∗b∗e∗d − e∗e∗a − d∗d∗c − b∗b∗ f + a∗c∗ f ;
i f ( a∗J3 > 0) {

/∗ cerr << ”bad : a∗ j 3 > 0”<<end l ; ∗/
continue ;

}
i f ( ( a == c ) | | ( b == 0)) {

/∗ cerr << ”bad : c i r c l e ” << end l ; ∗/
continue ;

}
break ;

}
p . r e s i z e ( 5 ) ;

/∗ cerr << ”(” << a << ”)∗Xˆ2 + (” << 2∗ b << ”)∗X∗Y + (”
<< c << ”)∗Yˆ2 + (”

<< 2∗d <<”)∗X + (” << 2∗e << ”)∗Y + (” << f << ”)” << end l ; ∗/
}

Rootof TEl l ip s e : : DistV ( )
{

int i ;
Seq<Rootof > s o l = Solve (p , ALG STURM<RT> ( ) ) ;
for ( i = 0 ; i < s o l . s i z e ( ) ; i ++) i f ( s i gn ( s o l [ i ] ) >= 0) break ;
return s o l [ i ] ;

}

int main ( int argc , char ∗∗ argv )
{

i f ( argc == 3) {
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int b i t s = a t o i ( argv [ 1 ] ) ;
int num = ato i ( argv [ 2 ] ) ;
int i ;
Randomize ( b i t s ) ;
TEl l ip s e e1 , e2 , e3 ;
TPoint v ;
TBitangent btan ( 1 ) ;

s td : : cout << num << endl ;
for ( i = 0 ; i < num ; i ++) {

/∗ v . PickRandom ( ) ;
wh i l e ( 1 ) {

e1 . PickRandom ( ) ;
e2 . PickRandom ( ) ;
e1 . SetPoint (&v ) ;
e2 . SetPoint (&v ) ;
i f ( e1 . EvalV() >= 0 && e2 . EvalV () >= 0) break ;

}∗/
while ( 1 ) {

e1 . PickRandom ( ) ;
e2 . PickRandom ( ) ;
e3 . PickRandom ( ) ;
i f ( btan . BCount ( e1 , e2 ) == 4) break ;

}
std : : cout << e1 . a << ” ” << e1 . b << ” ” << e1 . c << ” ”

<< e1 . d << ” ” << e1 . e << ” ” << e1 . f << endl ;
s td : : cout << e2 . a << ” ” << e2 . b << ” ” << e2 . c << ” ”

<< e2 . d << ” ” << e2 . e << ” ” << e2 . f << endl ;
s td : : cout << e3 . a << ” ” << e3 . b << ” ” << e3 . c << ” ”

<< e3 . d << ” ” << e3 . e << ” ” << e3 . f << endl ;
/∗ s t d : : cout << v . x << ” ” << v . y << end l ; ∗/

}
} else {

int i , num;
RT a , b , c , d , e , f ;
TEl l ip s e e1 , e2 , e3 ;
TPoint v ;
TBitangent btan ( 1 ) ;

s td : : c in >> num;
for ( i = 0 ; i < num ; i ++) {

std : : c in >> e1 . a >> e1 . b >> e1 . c >> e1 . d >> e1 . e >> e1 . f ;
s td : : c in >> e2 . a >> e2 . b >> e2 . c >> e2 . d >> e2 . e >> e2 . f ;
s td : : c in >> e3 . a >> e3 . b >> e3 . c >> e3 . d >> e3 . e >> e3 . f ;

/∗ s t d : : c in >> v . x >> v . y ;
e1 . SetPoint (&v ) ; e2 . SetPoint (&v ) ;
// s t d : : cout << compare ( e1 . DistV ( ) , e2 . DistV()) << end l ;
compare ( e1 . DistV ( ) , e2 . DistV ( ) ) ; ∗/
btan . Compute ( e1 , e2 , e3 ) ;

/∗ s t d : : cer r << ”pos = ” << btan . RelPos ( e3 )
<< ” degen = ” << btan . degenera te << ” u = ” ; ∗/
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t r e l p . S ta r t ( ) ;
btan . RelPos ( e3 ) ;
t r e l p . Stop ( ) ;

}
}
t pc . S ta t s ( ) ;

// t b e x t . S t a t s ( ) ;
t s o l . S ta t s ( ) ;
t b spec . S ta t s ( ) ;
t r e l p . S ta t s ( ) ;
return 0 ;

}
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Chapter 5

Conclusion

The computation of the Voronoi diagram of curved objects may require complex algebraic

predicates. In this thesis we have investigated the corresponding predicates in the case

where the curved objects are ellipses.

We presented a simple way to compute a point inside an ellipse. We proposed an

efficient representation of the distance between a point and an ellipse, that has lead to an

efficient implementation of the corresponding predicate. Following a similar approach, we

have been able to decide the relative position of a third ellipse with respect to a bitangent of

two other ellipses. The way this predicate is computed allows us to completely characterize

all bitangents.

Upon these results we studied the problem of the Apollonius circle and bounded its

complexity using tools such as the mixed volume and sparse (or toric) resultants. We were

the first to obtain a tight upper bound on the number of tritangent circles.

Although we solved the corresponding system numerically, we provide semi-algebraic

and geometric constraints in order to prune cases in some subdivision-based algorithm. In

a future work, such an algorithm could lead to an efficient and exact real time solution.
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